Thomas Eiter 


Existence and Spatial Decay of 


Periodic Navier-Stokes Flows 
in Exterior Domains 


4)OYOCr 


Existence and Spatial Decay of 
Periodic Navier-Stokes Flows 
in Exterior Domains 


Vom Fachbereich Mathematik 
der Technischen Universitat Darmstadt 
zur Erlangung des Grades eines 
Doktors der Naturwissenschaften 
(Dr. rer. nat.) 
genehmigte 


Dissertation 


von 


Thomas Walter Eiter, M. Sc. 


aus 
Gelnhausen 


Referent: Prof. Dr. Reinhard Farwig 
1. Korreferent: Prof. Dr. Mads Kyed 
2. Korreferent: Prof. Dr. Giovanni P. Galdi 


Darmstadt 2020 


Bibliographic information published by the Deutsche Nationalbibliothek 


The Deutsche Nationalbibliothek lists this publication in the Deutsche Nationalbibliografie; 
detailed bibliographic data are available in the Internet at http://dnb.d-nb.de . 


zugl.: Darmstadt, Technische Universität Darmstadt, Dissertation - D17 
Tag der Einreichung: 12.12.2019 

Tag der mündlichen Prüfung: 27.02.2020 

URN urn:nbn:de:tuda-tuprints-116294 

URI https://tuprints.ulb.tu-darmstadt.de/id/eprint/11629 


992e 


©Copyright Logos Verlag Berlin GmbH 2020 
Alle rights reserved. 


ISBN 978-3-8325-5108-7 


Logos Verlag Berlin GmbH 
Comeniushof, Gubener Str. 47, 

10243 Berlin 

Tel.: +49 030 42 85 10 90 

Fax: +49 030 42 85 10 92 

INTERNET: http://www.logos-verlag.de 


Acknowledgment 


I would like to express my gratitude to all people who supported me in 
the completion of this thesis and during my time as a PhD student. 

I express my warmest gratitude to Prof. Dr. Mads Kyed, who has been 
a great mentor since my master’s thesis. Although he left Darmstadt 
during my time as a PhD student, he kept to be a valuable adviser in 
any concern. We had many fruitful discussions, in person and by phone, 
and I am thankful for his guidance during the last years and his warm 
hospitality during my visits in Flensburg. 

I owe special thanks to Prof. Dr. Giovanni P. Galdi for the nice hospi- 
tality during my stays at the University of Pittsburgh and for refereeing 
my thesis. We had rich discussions that contributed to the initiation and 
completion of many projects. 

Deepest gratitude is owed to Prof. Dr. Yoshihiro Shibata for the time 
we spent with many intensive discussions. He invited me several times to 
Waseda University and was a great host. 

Special thanks is due to Prof. Dr. Reinhard Farwig, who gave valuable 
advice during my time in Darmstadt. His seminars provided me with a 
fundamental background in the field of fluid dynamics. I thank him for 
his service as a referee of my thesis. 

I also thank my (former) office mates Aday Celik and Johannes Ehlert 
as well as the whole working group Analysis for the mathematical and 
everyday conversations that made these last years the enjoyable and pro- 
ductive experience they were. In particular, I express my gratitude to my 
colleagues Dr. Björn Augner, Sebastian Bechtel, Aday Celik, Klaus Kreß, 
Jens-Henning Möller, Andreas Schmidt, and Marc Wrona for the valuable 
proofreading and their useful advice on how to improve this thesis. 

Last but not least, I express my gratitude to my friends and family. 
They supported me in every non-mathematical respect and provided the 
necessary distraction when I needed it. 


Abstract 


Consider a rigid body that performs a prescribed motion through an infi- 
nite container without boundaries that is filled with a viscous incompress- 
ible fluid. The fluid flow around the body is governed by the Navier-Stokes 
equations 


Ojutnau-(E+nAzr)-Vutu-Vu=f+Au-Vp inRxQ, 


divu =0 in RxQ, 
U=E+NAL on R x 02, (NSE) 
lim u(t,x) =0 forte R. 


|2|+00 


Here Q is the exterior of the body, u and p are velocity and pressure fields of 
the fluid, and f is a given external force. Moreover, € and 7 describe (time- 
dependent) translational and rotational velocities of the body. Object of 
investigation of the present thesis is the configuration where the fluid flow 
is time-periodic. The first part of this thesis is dedicated to the existence of 
time-periodic solutions to (NSE), and the second part addresses spatially 
asymptotic properties of such solutions. 

In Chapter 3 we consider the case where the body performs a translation 
with constant velocity and no rotation. The analysis is based on a suitable 
linearization of (NSE) given by 


ou- Au- u+ Vp=f inRxQ, 
divu=0 inRxQ, (LNSE) 
u=0 onRxoQ 


for A > 0. We establish new well-posedness results for both steady-state 
and time-periodic strong solutions to (LNSE) in an exterior domain Q c 
R”, n > 2, which are then employed to show existence of steady-state 
and time-periodic solutions to the corresponding nonlinear system under 
the assumption of “small” data. While solutions to these exterior-domain 
problems are usually established in a framework of homogeneous Sobolev 
spaces, the novelty of the presented approach is that it yields a framework 
where solutions are established in a full Sobolev space. 


In Chapter 4 we study problem (NSE) in a three-dimensional exterior 
domain Q under suitable assumptions on the data. The associated lin- 
earization is examined in a framework of absolutely convergent Fourier 
series. Since the corresponding resolvent problem is ill-posed in classi- 
cal Sobolev spaces, we establish a linear theory in homogeneous Sobolev 
spaces. These new results are applied to obtain existence of time-periodic 
solutions to the nonlinear system (NSE) for “small” data. 

In Chapter 5 we investigate the linear problem (LNSE) in the whole 
space Q = R” for general dimension n > 2 and for general A € R, which 
we formulate as a problem on the locally compact abelian group T x R”. 
We introduce time-periodic fundamental solutions for the solution (u, p) 
to these equations. In addition, we develop the concept of a time-periodic 
fundamental solution for the vorticity field curlu. We investigate inte- 
grability properties and show pointwise estimates of these fundamental 
solutions. 

The subject of Chapter 6 is the investigation of asymptotic properties of 
time-periodic solutions to (NSE) in the case of non-vanishing mean trans- 
lation velocity. The velocity field is decomposed into a time-independent 
part and a time-periodic remainder, and we derive pointwise estimates for 
these parts separately. In this way, new asymptotic properties of both the 
velocity and the vorticity are discovered. 
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Zusammenfassung in deutscher 
Sprache 


Man betrachte einen starren Körper, der eine vorgeschriebene Bewegung 
durch einen unendlichen Behälter ohne Ränder, welcher mit einer viskosen 
inkompressiblen Flüssigkeit gefüllt ist, vollzieht. Die Flüssigkeitsströmung 
um den Körper ist bestimmt durch die Navier-Stokes-Gleichungen 


Hu+nau-(E+naz)-Vu+u-Vu=f+Au-Vp inRxQ, 


div u =0 in RxQ, 
U=E+NAL auf Rx 0Q, 
lim u(t,x) =0 fir te R. 


xl» 

(NSG) 
Hierbei sei Q der Außenraum um den Körper, u und p seinen Geschwindig- 
keitsfeld und Druckfunktion der Flüssigkeit und f sei eine gegebene äußere 
Kraft. Des Weiteren beschreiben £ und n die (zeitabhängige) Translations- 
bzw. Rotationsgeschwindigkeit des Körpers. Der erste Teil dieser Arbeit 
ist der Existenz von zeitperiodischen Lösungen von (NSG) gewidmet und 
der zweite Teil befasst sich mit räumlich asymptotischen Eigenschaften 
solcher Lösungen. 

In Kapitel 3 betrachten wir den Fall, wenn der Körper eine Translation 
mit konstanter Geschwindigkeit und keine Drehung vollzieht. Die Untersu- 
chung basiert auf einer geeigneten Linearisierung von (NSG), die gegeben 
ist durch 


u —- Au - Adu + Vp=f inRxQ, 
divu=0 inRxQ, (LNSG) 
u=0 auf RxôQ 


für A > 0. Wir beweisen neue Resultate zur Wohlgestelltheit, sowohl für 
stationäre als auch für zeitperiodische starke Lösungen zu (LNSG), in ei- 
nem Außenraum Q c R”, n > 2, welche dann genutzt werden, um Existenz 
von stationären und zeitperiodischen Lösungen des zugehöringen nichtli- 
nearen Systems unter geeigneten Kleinheitsbedingungen an die Daten zu 


vil 


zeigen. Während Lösungen zu diesen Außsenraumproblemen üblicherwei- 
se im Rahmen von homogenen Sobolev-Räumen bestimmt werden, ist die 
Neuheit des vorgestellten Zugangs, dass er einen Rahmen liefert, in dem 
Lösungen in vollen Sobolev-Räumen nachgewiesen werden. 

In Kapitel 4 untersuchen wir Problem (NSG) im dreidimensionalen Au- 
Benraum Q unter geeigneten Annahmen an die Daten. Das zugehörige 
lineare Problem wird in Räumen absolut konvergenter Fourier-Reihen un- 
tersucht. Da das zugehörige Resolventenproblem in klassischen Sobolev- 
Räumen nicht wohlgestellt ist, leiten wir eine lineare Theorie in homoge- 
nen Sobolev-Räumen her. Diese neuen Resultate werden angewandt, um 
Existenz von zeitperiodischen Lösungen des nichtlinearen Systems (NSG) 
für „kleine“ Daten zu zeigen. 

In Kapitel 5 untersuchen wir das lineare Problem (LNSG) im Ganzraum 
Q = R” für allgemeines A € R, was wir als Problem auf der lokalkompakten 
abelschen Gruppe T x R” formulieren. Wir führen zeitperiodische Funda- 
mentallösungen für die Lösungen (u, p) dieser Gleichungen ein. Zusätzlich 
entwickeln wir das Konzept einer zeitperiodischen Fundamentallösung für 
die Wirbelstärke curlu. Wir untersuchen Integrabilitätseigenschaften und 
zeigen punktweise Abschätzungen dieser Fundamentallösungen. 

Das Thema von Kapitel 6 ist die Untersuchung asymptotischer Ei- 
genschaften von zeitperiodischen Lösungen von (NSG) im Falle nicht- 
verschwindender mittlerer Translationsgeschwindigkeit. Das Geschwindig- 
keitsfeld wird zerlegt in einen zeitunabhängigen Anteil und einen zeitpe- 
riodischen Restterm, und wir leiten separate punktweise Abschätzungen 
für diese beiden Anteile her. Hierdurch entdecken wir neue asymptotische 
Eigenschaften sowohl des Geschwindigkeitsfelds als auch der Wirbelstärke. 
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1.1 The Navier—Stokes Equations 


Introduced in the first half of the nineteenth century, the Navier-Stokes 
equations are still the most common way to model viscous incompressible 
fluid flows. They describe the flow inside a region Q c R” during a time 
interval / by the equations 


(1.1) 


YHu+u-Vu=f+Au-Vp inlxQ, 
divu =0 in I xQ, 


where u: I x Q > R” denotes the Eulerian velocity field and p: 7 x Q > R 
the pressure field of the fluid. The function f: x Q > R” denotes an ex- 
ternal force. If Q has a boundary, one usually adds appropriate boundary 
conditions for u to system (1.1), and if Q is unbounded, also a boundary 
condition “at infinity”, that is, a value for lim,...u, is included. The 
mathematical challenge consists of showing existence of solutions (u, p) to 
(1.1) and the investigation of their properties. 

For simplicity, the viscosity and density constants are set to 1. While 
from a physical perspective only the case of a domain ©) in two or three 
dimensions seems relevant, mathematically, there is no reason not to for- 
mulate and study these equations in an n-dimensional domain Q c R” for 
n22. 
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The mathematical examination of the Navier-Stokes equations is mostly 
carried out in one of three different frameworks. By including an initial 
condition u(t, x) = Ug(x) at a time ty € J to problem (1.1), one obtains the 
corresponding initial-value problem. By restriction to time-independent 
quantities, one obtains the corresponding steady-state problem. Moreover, 
one can examine the time-periodic problem, where the involved functions 
exist on the whole time axis J = R and are periodic with respect to the 
time variable. The investigation of this latter case is subject of the present 
work. 

Although being so different in their formulation, there exist many con- 
nections between these three types of problems. For instance, both steady- 
state and time-periodic solutions appear as equilibrium states of the evo- 
lution equation and thus as “limits” t > oo of solutions to the initial- 
value problem. Another example are Hopf bifurcations, where the initially 
steady-state flow abruptly becomes time periodic. This phenomenon can 
be observed in physical experiments, for example, in the fluid flow past a 
body. 

For the mathematical study of time-periodic solutions, it seems natu- 
ral to treat them as specific solutions to the initial-value problem. Based 
on this idea, many mathematical concepts for the examination of time- 
periodic partial differential equations have been developed. Generally, 
time-periodic solutions found this way intrinsically have the same func- 
tional properties as solutions to the initial-value problem. In some set- 
tings this framework is not optimal to capture the functional properties 
of steady-state solutions. However, every steady-state solution is trivially 
also time periodic, which is why these should be included. For example, 
the steady-state flow past a body and the solution of the corresponding 
initial-value problem show very different behavior. 

The study of a time-periodic problem as a particular initial-value prob- 
lem has become very common in nowadays analysis. An overview of 
these methods is given below. Nevertheless, we use a different approach 
here that naturally includes the characteristics of the steady-state prob- 
lem. The idea is based on the observation that a time-periodic function 
can be decomposed into the time mean over one period, which is time- 
independent and called steady-state part, and a second purely periodic 
part. The two parts can be investigated separately and, as is suggested 
by physical observations, possess different characteristic properties. While 
the steady-state part satisfies a time-independent problem and can be han- 
dled by classical methods, we investigate the purely periodic part with 
methods from the theory of Fourier analysis on groups. For this pur- 


1.2 Time-Periodic Navier-Stokes Equations 


pose, we model 7-time-periodic functions by means of the torus group 
T = R/TZ. This group naturally inherits a topology and a differentia- 
bility structure from R, so that system (1.1) is equivalently formulated 
as 


eu in Tx Q, (1.2) 


divu =0 in Tx. 


The main advantage of this reformulation is that convolution and Fourier 
transform are available in this setting and the time periodicity is naturally 
included in the functional framework. 


1.2 Time-Periodic Navier-Stokes Equations 


While the foundation of the modern mathematical investigation of the 
Navier-Stokes equations can be dated back to the 1930s and the pioneering 
works of LERAY [78, 79], who established existence of weak solutions to the 
steady-state and the initial-value problem, the investigation of the time- 
periodic Navier-Stokes equations began much later, initiated by SERRIN 
[96] in the late 1950s. 

It is remarkable that the study of general time-periodic partial differen- 
tial equations started only some years earlier. By contemporary standards, 
the first mathematically rigorous contribution in this respect is due to 
PRODI [88] in the 1950s, who studied the time-periodic one-dimensional 
heat equation. Not much later, there appeared articles concerning the 
time-periodic wave equation [89, 34]. These papers can be seen as the 
basis on which more involved techniques were developed through the sub- 
sequent years. 

Let us give a brief overview of the most common methods for the investi- 
gation of time-periodic differential equations and their first applications to 
the Navier-Stokes equations. To this end, consider the abstract evolution 
equation 

oe +Au=F(t,u) inR, (1.3) 


ult +7) = u(t), 


where A is a linear (differential) operator on a Banach space X, and the 
(nonlinear) right-hand side F as well as the solution u are assumed to be 
T-periodic for some prescribed period T. 

Probably, the most popular way to show existence of a solution to (1.3) 
is by means of fixed points of the so-called Poincaré operator. This opera- 
tor maps a given initial value uo to the value u(7) at time 7 of a solution 
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u to the initial-value problem 


eo F(t,u) in (0,00), (1.4) 


u(0) = Uo. 


This operator was introduced by POINCARE [86, 87], who considered it in 
the context of dynamical systems. Obviously, if uo is a fixed point of this 
mapping, then the solution u to (1.4) is 7-time-periodic and thereby also 
a solution to (1.3). In order to apply this procedure, the main challenge 
is to find a setting of Banach spaces such that the Poincaré operator is 
well defined and to ensure the existence of a fixed point. The first rigorous 
applications of this approach to investigate time-periodic differential equa- 
tions directly in the infinite-dimensional framework go back to BROWDER 
[8], KRASNOSEL’SKII [70] and KOLESOV [65, 66, 67]. 

In order to circumvent the more difficult analysis in infinite-dimensional 
spaces, one can combine this approach with classical energy methods and 
construct time-periodic solutions via a Galerkin approximation. In this 
way, one reduces (1.3) to a problem in a finite-dimensional setting and thus 
to an ordinary differential equation. In this framework, it is much easier 
to ensure the existence of a fixed-point of the corresponding Poincaré op- 
erator. The idea to use a Galerkin method in the field of time-periodic 
Navier-Stokes equations goes back to YUDOVICH [103] and PRODI [90]. 
However, their papers do not contain rigorous mathematical proofs. While 
the first application of the Galerkin method in the framework of the 
Navier-Stokes equations is due to HopF [60], who constructed solutions 
to the initial-value problem, PROUSE [91, 92] connected this idea with the 
concept of the Poincaré operator to obtain time-periodic solutions. 

Classically, by techniques from nonlinear functional analysis, one can 
obtain solutions to the nonlinear problem (1.3) from a suitable theory of 
the linear case where F(t, uv) = F(t), which can be investigated by means 
of the Poincaré operator as well. A different and more explicit approach 
is based on a specific representation formula for the solution. When the 
linear operator A is generator of a semi-group with suitable properties, 
one can establish the solution formula 


wi) = 1 e 74 P(r) dr. (1.5) 


One readily verifies that u is time periodic of the same period as F if wis 
formally given by (1.5). Similarly to the approach based on the Poincaré 
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operator, the difficulty is to find a suitable functional framework such that 
this representation formula is well defined. PRODI [88] was the first to 
investigate time-periodic partial differential equations by this method. In 
the study of time-periodic Navier-Stokes equations, the solution formula 
(1.5) was employed by KOZONO and NAKAO [69] and YAMAZAKI [102]. 

A different and more implicit method is to show that a solution u to the 
initial-value problem (1.4) tends to a periodic orbit as t > oo. Then the 
sequence (un) defined by u„(t) = u(t+n7) tends to a periodic solution 
to (1.3) as n > oo. This idea was first applied for general partial differen- 
tial equations by FICKEN and FLEISHMAN [34], and SERRIN [96] initially 
proposed this method for the study of time-periodic Navier-Stokes equa- 
tions. The first rigorous application in this field is due to KANIEL and 
SHINBROT [63], who showed existence of strong solutions in bounded do- 
mains for “small” data. TAKESHITA [99] extended their result to data of 
general “size” in the case of two dimensions. 

The most classical way to study time-periodic problems is surely by 
a Fourier expansion in time, or equivalently, if we model time-periodic 
functions as functions on T, by means of the Fourier transform on T. 
In the linear case, the Fourier modes of the solution satisfy associated 
resolvent problems, which are partial differential equations only in spatial 
variables. This method has been applied by many researchers; see [89, 13, 
93, 94, 58, 7] for example. The main difficulty is to transfer the a priori 
estimates, which are crucial to solve the original nonlinear problem, from 
the resolvent problems to the linearized time-periodic problem. Typically, 
this is only possible in two situations. On the one hand, one can use 
Plancherel’s theorem to conclude estimates of the time-periodic solution 
in the space L?(T; X), which is only possible if the underlying space X is 
a Hilbert space. On the other hand, one can establish estimates within a 
space of absolutely convergent Fourier series A(T; X), where all functions, 
in particular, the given data, are intrinsically continuous in time. One 
advantage of such a framework is that one can capture properties of each 
single Fourier mode specifically, which is why we employ this method in 
Chapter 4, where a time-periodic problem is examined in the spaces of 
the type A(T; X). 

A recent approach to overcome the restriction to this kind of spaces 
is due to EITER, KYED and SHIBATA [23]. As uniform boundedness of 
the resolvent in the underlying space X is not sufficient to obtain a pri- 
ori estimates for the time-periodic problem in the general Banach spaces 
L?(T; X), they use the more restrictive notion of R-boundedness which, 
in the end, is sufficient in this respect. In the last years, the concept of 
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R-boundedness has become popular in the study of initial-value problems, 
and the article aims at directly transferring these results to the context of 
time-periodic problems. This approach can also be seen as an extension 
of the vector-valued multiplier theorems due to WEIS [101] and ARENDT 
and Bu [4]. 

Another approach recently developed by GALDI [43, 44] and KYED 
[72, 73, 74] relies on a suitable decomposition of the time-periodic solu- 
tion into two independent parts. The steady-state part is a solution to 
the corresponding steady-state problem, which can be treated by classical 
methods. The purely periodic part can be investigated separately and thus 
in a completely different functional framework. As we observe in Chapter 
3, the investigation of the purely periodic part can usually be achieved 
in a functional framework with simpler structure than that of the steady- 
state part. Moreover, the steady-state and purely periodic parts usually 
show different decay and integrability properties. This characteristic also 
appears in our analysis in Chapter 5 and Chapter 6. In this respect, the 
decomposition allows to appropriately capture the physical properties of 
the investigated system. Note that this method has also found applica- 
tion in other fields besides fluid dynamics. For example, it was employed 
by KYED and CELIK [11, 12] in order to study damping effects in dif- 
ferent nonlinear wave equations, and by IBRAHIM, LEMARIE-RIEUSSET 
and MASMOUDI [61] in the investigation of time-periodic solutions to the 
Navier-Stokes-Maxwell equations. 


1.3 Flow Around a Moving Body 


The focus of the present work lies in the investigation of time-periodic 
flow around a rigid body B that performs a prescribed motion through a 
Navier-Stokes liquid. In this case the region of flow depends on time, that 
is, Q = Q(t). In view of (1.1), the Navier-Stokes flow is then described by 
the equations 


du+u-Vu= f+Au-Vp in U{t} x Q(t), 
tel 


div u =0 in L{t} x Q(t), 
tel (1.6) 
u = Ug on [J{t} x 99), 
tel 
lim u(t,x) =0 for te I. 


|x|>o 
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Here Ug describes the velocity of the boundary of the body B. Hence, 
condition (1.6)3 means that the fluid particles adhere to the body B at 
the boundary. Moreover, (1.6)4 means that the fluid flow is at rest “at 
infinity”. 

Observe that it is also possible to prescribe a non-vanishing (time- 
dependent) velocity us at infinity by replacing equation (1.6), with the 
condition limyz)... U(t, £) = u(t). However, by a simply change of coor- 
dinates, this merely corresponds to an additional translational velocity of 
the body B, so that this case is included in the above description. 

Instead of a description of the flow in an inertial frame as in (1.6), it 
is often convenient to change coordinates and to describe the problem in 
a frame attached to the body B. In the three-dimensional case, one can 
express (1.6) in the form 


Hu+nau-naz-Vu-&-Vu+ru-Vu= f+Au-Vp inRxQ, 


divu=0 inRxQ, 
U=E+NAL on R x 02, 
ue u(t, x) =0 for teR, 
(1.7) 


where Q is the exterior of the body B; see [41] for example. Here € 
and 7 correspond to (possibly time-dependent) translational and angular 
velocity of the rigid motion of the body B. Since we study time-periodic 
solutions, we have replaced the time axis J by R. Both physical and 
mathematical observations show that properties of the fluid flow strongly 
depend on € and n, which is why the investigation is usually carried out 
for different cases separately. Note that in the absence of rotation, the 
parameter 7 vanishes, and (1.7) is a proper description of the fluid flow in 
any dimension n > 2. 

Observe that the domain in (1.7) is an unbounded exterior domain 
Q c R”. While the results listed above mostly concerned the study of 
the flow in bounded domains, a proof of the existence of strong time- 
periodic solutions to the Navier-Stokes equations in unbounded domains 
was achieved in the 1990s by MAREMONTI [81, 82] and extended by 
MAREMONTI and PADULA [83] in the case € = 7 = 0. Their result was 
complemented by a different proof by KOZONO and NAKAO [69] based on 
the representation formula (1.5), but they could not treat the case of a 
three-dimensional exterior domain. A short time later this case was cov- 
ered by YAMAZAKI [102], who could show existence in the framework of so- 
called mild solutions in a framework of weak L? spaces, and subsequently 
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by GALDI and SOHR [38], who showed existence of strong time-periodic 
solutions in spatially weighted spaces. 

While all these works only examine the case € = 7 = 0, that is, the 
time-periodic flow around a body at rest, the case of a moving body has 
attracted less attention. The first investigation in this respect is due to 
GALDI and SILVESTRE [53], who showed existence of weak solutions for 
time-periodic data &, n and f. They further developed these results to 
the case of a freely moving body in [54]. These results were established 
in a Hilbert-space framework based on energy methods. One drawback of 
this framework is that it does not allow to capture asymptotic properties 
of the velocity field. Therefore, an investigation of the problem in an L? 
setting for p # 2 is required. 

From a physical point of view, it is reasonable to introduce 


1 T 
=l f ee (1.8) 


which is the modulus of the time mean of the translational velocity €, 
and to distinguish the cases \ = 0 and A # 0. If À= 0, then the body B 
oscillates around a prescribed point in space, and if A # 0, it performs a 
proper translation. The parameter X has significant impact on the physi- 
cal properties of the described flow. One difference can be observed in the 
asymptotic behavior of the flow. For A # 0 there is a wake region “behind” 
the body, which does not exist for A = 0. In this respect, it seems rea- 
sonable to also distinguish these cases in the mathematical investigation. 
Since the case A # 0 is equivalent to the configuration where the body 
oscillates at a prescribed place and the velocity “at infinity” is prescribed 
by lim). U(t, £) = -Aeı, the case A + 0 is also called the time-periodic 
flow past a body, in contrast to the case A = 0, the flow around a body. 
The case of a flow past a non-oscillating and non-rotating body, that 
is, the case |€| = A + 0 and 7 = 0, was examined by KYED [73, 74], who 
showed existence of time-periodic solutions in a framework of L? spaces. 
The same case was treated by by GALDI [43, 44] in two dimensions. Both 
used the method of decomposing the time-periodic solution into a steady- 
state and a purely periodic part. Furthermore, GALDI and KYED [50] 
showed existence of time-periodic solutions in three-dimensional exterior 
domains for the problem of a flow past an oscillating body, that is, the case 
of time-periodic € with A # 0 and 7 = 0. Moreover, GALDI [47] recently 
proved existence of solutions to the problem of time-periodic flow around 
an oscillating body, that is, the case of time-periodic € with A = 0, in 
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spatially weighted function spaces. However, these papers always consider 
the case n = 0 of a non-rotating body. Following a completely different 
approach, GEISSERT, HIEBER and NGUYEN [55] established the existence 
of mild solutions to the problem of time-periodic flow past a rotating body, 
where both € and n are time-independent and parallel. 


1.3.1 Flow Past a Non-rotating Body 


Chapter 3 is concerned with the case of time-periodic flow past a body 
that performs a purely translational motion, that is, the case of constant 
translational velocity € # 0 and vanishing angular velocity 7 = 0. By 
choosing the coordinate system appropriately, we may assume & = Aeı for 
some A > 0. Our analysis of time-periodic solutions to (1.6) is mainly based 
on the investigation of the associated linear system. As explained above, 
for a prescribed time period 7 > 0 we model 7-time-periodic functions as 
functions on the torus group T = R/7Z. Then the linearization of (1.7) is 
given by 
Hu-Au-Adhu+Vp=f in TxQ, 
divu=0 inTxQ, (1.9) 
u=0 on Tx dQ 


for a right-hand side f:T x Q > R”. Observe that we omitted the bound- 
ary condition lim)... U(t, x) = 0 “at infinity” in this formulation. Since 
we search for solutions (u,p) such that u(t,-) € LI(Q) for some q € (1, œ), 
the velocity field u is intrinsically subject to this condition in a general- 
ized sense. We call (1.9) the time-periodic Stokes problem if A = 0, and 
the time-periodic Oseen problem if A # 0. We follow the approach by 
GALDI and KYED and decompose problem (1.9) into two separate prob- 
lems, which can be examined independently. To this end, we introduce 
the projection operators 


1 T 
Piep | far Peep: 


Then Pf is the time mean of the function f and a time-independent func- 
tion, and f = Pf + P,f is decomposed into steady-state part and Pf and 
purely periodic part of P, f. By means of these projectors, we decompose 
all functions in (1.9) and define 


v=Pu, w=Pu p=Pp, q=PPp, g= Pf, h=Pyf. 
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In this way, (1.9) is separated into two systems, namely 


-Av - àv + Vp=g9g ind), 
divv=0 inQ, (1.10) 
v=0 on ðQ. 


and 
%w-Aw-Adhw+Vgq=h inRxQ, 


divw=0 inRxQ, (1.11) 
w=0 onRxoag. 


In analogy to before, if A = 0, we call these equations the steady-state and 
purely periodic Stokes problems, and if A # 0, we call them the steady- 
state and purely periodic Oseen problems. Though looking quite the same 
at first glance, the main difference between (1.9) and (1.11) is that in 
the latter there appear only purely periodic functions. The advantage of 
this decomposition is that one can now search for functional frameworks 
that render (1.10) and (1.11) well posed independently of each other. By 
combination, one then obtains a comprehensive solution theory for the 
original time-periodic problem (1.9). 

As mentioned above, the fluid flow shows different physical properties 
depending on the parameter A, which is called Reynolds number. Whether 
A = 0 or A #0, also has impact on the analysis of the linear problem (1.9), 
and the functional analytic properties differ significantly. However, as a 
further investigation shows, this discrepancy is only due to the steady- 
state part and one can establish a solution theory for the purely periodic 
problem (1.11) that is uniform in A. In particular, as in the case of steady- 
state flow, the linear solution theory in an L? framework is sufficient for 
the treatment of the nonlinear problem (1.1) by a fixed-point argument; 
see [73]. In contrast, for \ = 0 one obtains different function spaces and 
the nonlinear problem cannot be treated in this manner. In the present 
work, we therefore focus on the case of non-vanishing Reynolds number 
A #0, that is, the case of flow past a body. 

As explained before, our approach to the time-periodic linear problem 
(1.9) requires an appropriate theory for strong solutions to its steady- 
state counterpart (1.10), which can be regarded as a special case. The 
first fundamental contribution in this regard is due to GALDI [40], who 
established frameworks of well-posedness for weak and strong solutions to 
the steady-state problem (1.10). An overview and further articles can be 
found in [42, Chapter VII], the more recent paper [2] and the references 
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therein. As the investigation of (1.10) shows, for general g € L4(Q) with 
suitable q € (1,00) the corresponding velocity-field solution merely satisfies 


vveL(O), VvueL(Q), ve L2(Q) 


for different values q < sı < sa, but v is not an element of the full Sobolev 
space W?4(Q)). In contrast, the velocity-field solution w to the purely 
periodic linear problem (1.11) shows a completely different behavior and 
belongs to the full Sobolev space W24(Q) with respect to the spatial 
variable. Combining these two results, one concludes well-posedness of 
the complete time-periodic problem (1.9) in a functional framework that 
is suitable to show existence of a solution to the nonlinear problem (1.7) 
in three-dimensional exterior domains; see [50]. 

In Chapter 3 we derive a different solution theory for the time-periodic 
problem (1.9). While the purely periodic velocity field w belongs to the 
same space as in [50], the novelty of the presented approach is the con- 
struction of a framework that ensures the steady-state solution v to be- 
long to the full Sobolev space W?4(Q) as well. In consequence, we also 
obtain a velocity-field solution u to the time-periodic system (1.9) that 
is an element of W?7(Q) with respect to space. From this result, we fi- 
nally conclude existence of steady-state and time-periodic solutions to the 
Navier-Stokes problem (1.7) with & = Ae, # 0 and w # 0 such that the 
velocity field belongs to this full Sobolev space. The results of Chapter 3 
were published by EITER and GALDI [19]. 

This investigation in Chapter 3 is motivated by recent research on time- 
periodic bifurcations by GALDI [46, 45], who studied Hopf bifurcations in 
the context of the flow past a body, which were established in a framework 
where the steady-state part of the solution merely belongs to homogeneous 
Sobolev spaces as described above. We assume that the results presented 
here allow to study these Hopf bifurcation as well as secondary bifurcations 
in a framework of full Sobolev spaces and to make them accessible for 
techniques typically used in bounded domains. The mathematical proof 
of secondary bifurcation for fluid flow problems in exterior domains is still 
an open problem to date. 

Observe that the occurrence of Hopf bifurcations is one of the most nat- 
ural appearances of time-periodic flows in physics. While GALDI studied 
bifurcations that occur in the flow past a body, another example is the 
spontaneous oscillation of a falling drop when its falling velocity exceeds 
a specific value. The mathematical examination of this phenomenon has 
recently been initiated by EITER, KYED and SHIBATA, who established 
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an appropriate framework for the existence of steady-state solutions [24] 
and investigated existence of solutions to the corresponding time-periodic 
problem in bounded domains [25]. 


1.3.2 Flow Past a Rotating Body 


The subject of Chapter 4 is the time-periodic flow past a rotating body 
in the three-dimensional whole space. More precisely, we consider sys- 
tem (1.6) in the case of a time-periodic translation velocity € with time 
average A + 0 and a non-vanishing angular velocity 7. We assume that 
the translation velocity € and the external force f are time periodic with 
coincident period T > 0, that is, 


EE+-T)SER), — f(t+ 7,2) = f(t,2). 


Moreover, we assume that the axis of translation does not vary over time 
and coincides with the rotational axis, and that, without loss of generality, 
both are directed along the x,-axis. This means 


&(t) = a(t) er, n=we (1.12) 


for some prescribed 7-periodic function a:R > R and a constant w € 
R~ {0}. 

We further assume that the body performs a proper translation such 
that after one period its center of mass has changed its location. Expressed 
differently, we assume the mean translational velocity of the body over one 
time period to be non-zero: 


T 


Anz f dso (1.13) 


Observe that this parameter A coincides with \ defined in (1.8) provided 
A > 0, which we may assume without loss of generality. In view of these 
specifications, the linearization of (1.7) is given by 


Ou + wle Au-e, ^z: Vu)-Au-Adut+Vp=f in TxQ, 
divu=0 inTxQ, (1.14) 
u=0 on TxaQ. 


Here the parameter A plays the same role as discussed above, and physical 
and mathematical properties heavily depend on whether or not (1.13) is 
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satisfied. In particular, the case A = 0 would require different techniques 
and a different functional framework, which is why it is not considered 
here. In the case X # 0, problem (1.14) is called the time-periodic gener- 
alized Oseen problem. 

Observe that, since we consider the case w # 0 of a proper rotation, 
the term we; Ax-V appearing in (1.14) does not vanish and is a differ- 
ential operator with unbounded coefficient. Therefore, even for “small” 
n, problem (1.14) cannot be treated as a lower-order perturbation of the 
time-periodic Oseen problem (1.9). Moreover, we find that the analysis of 
the corresponding resolvent problem requires a completely different func- 
tional setting. In order to find a framework that renders the time-periodic 
generalized Oseen problem (1.14) well posed, we make use of the fact that 
the term 7 ^x- V stems from a change of coordinates into a frame at- 
tached to the body and can be dealt with by the reversed transform. This 
idea was also employed by GALDI and KYED [49, 48] to investigate the 
the steady-state problem corresponding to (1.7). However, in the time- 
periodic framework, this method only yields suitable estimates when the 
change of coordinates maintains the time periodicity of the involved func- 
tions. Observe that this is the case if the angular velocity w of the rotation 
of the body coincides with an integer multiple of the angular frequency 
2r/T of the time-periodic data. For the sake of simplicity, we assume 


wa ln). (1.15) 


This assumption means that after one time period the rigid body com- 
pleted one full revolution. Regarding the body rotation as a second time- 
periodic external forcing mechanism, one may interpret (1.15) as the con- 
dition that this mechanism has to be compatible to the time-periodic data. 
In the end, we show existence of a time-periodic solution to (1.7) under 
the assumptions (1.12), (1.13) and (1.15). These results were published 
in [22]. 


1.3.3 Asymptotic Behavior 


The second main topic of the present work is the analysis of the asymp- 
totic behavior of a time-periodic fluid flow surrounding a moving obstacle, 
which is governed by the Navier-Stokes equations (1.6). From information 
on the asymptotic properties of the flow one can directly conclude physical 
properties. For example, the anisotropic nature of the derived estimates 
hints at the occurrence of a wake region “behind” the body. Moreover, 
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these estimates show that the purely periodic part of both the velocity 
and the vorticity field decay faster than the corresponding steady-state 
part, so that the characteristics of the far field of a time-periodic flow are 
the same as observed for steady-state flows. 

One classical approach to study asymptotic properties is by means of a 
fundamental solution. While for the steady-state linearized Navier-Stokes 
problem (1.10) fundamental solutions are known for many decades and go 
back to LORENTZ [80] and OSEEN [85], corresponding results for the time- 
periodic linearized Navier-Stokes problem 


Pen =f inTxR’, 


divu=0 in Tx R”, 


(1.16) 


were introduced by KYED [76] and GALDI and KYED [51] very recently 
in dimension n = 3. The subject of Chapter 5 is an extension of their 
results to general dimension n > 2, which was published by EITER and 
KYED [21]. Moreover, we introduce a fundamental solution associated to 
the vorticity field of time-periodic linearized Navier-Stokes flow (1.16) in 
n = 3 dimensions. 

One notable property of these time-periodic fundamental solutions is 
that they are also subject to the decomposition explained above and can 
be identified as the sum of a steady-state part, which coincides with the 
fundamental solution to the respective steady-state problem, and a purely 
periodic part, which possesses better properties in terms of decay and 
integrability. Since the steady-state problem is a special case of the time- 
periodic problem, it is no surprise to recover the steady-state fundamental 
solution in the time-periodic framework. 

Because we formulated the time-periodic whole-space problem (1.16) 
as a problem in the locally compact abelian group G = T x R”, where 
a Fourier transform is available, the second, purely periodic part can be 
identified in terms of a Fourier multiplier on this group. This enables us 
to investigate time-periodic fundamental solutions by means of Fourier 
analytic methods in the group G. In particular, we establish integrability 
properties and pointwise estimates, which are subsequently employed to 
study asymptotic properties of time-periodic flows. 

As in the case of a steady-state flow, the fundamental solution associated 
to the velocity u in (1.16) shows a polynomial decay, and the decay rate of 
the fundamental solution associated to the vorticity curl u is of exponential 
type. Remarkably, while in the case A # 0 the decay rate of the steady- 
state part is anisotropic and decays faster outside a wake region, the purely 
periodic part behaves differently and decays homogeneous in space. 
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The properties established for the fundamental solutions allow to ana- 
lyze the asymptotic structure of time-periodic flow. Recall that the case 
of a steady-state Navier-Stokes flow, described by 


nAu-naxc-Vu-E-Vutu-Vu=f+Au-Vp inQ, 


div u =0 in Q, 
U=E+NAL on OQ, (1.17) 
m u(x) =0, 


can be regarded as a special case of a time-periodic flow. The mathemati- 
cal analysis of the asymptotic behavior of solutions to (1.17) can be dated 
back to FINN [36], who showed that the asymptotic profile of the velocity 
field u of the flow past a (non-rotating) body, which means € # 0 and 
n = 0, is dominated by that of the steady-state Oseen fundamental solu- 
tion. Later BABENKO [5] extended this result to weak solutions. However, 
his proof had gaps and was finally completed by GALDI [39]. Later, KYED 
[75] obtained an analogous result in the case of the flow past a rotating 
body. The asymptotic structure of the associated vorticity field curl u was 
identified by CLARK [14] and BABENKO and VASIL’EV [6] in the case of 
a Navier-Stokes flow past a non-rotating body. Their result was recently 
extended to the case of a rotating body by DEURING and GALDI [17]. 

In the case € = 7 = 0, that is, the case of the flow around a body at 
rest, an asymptotic expansion for the velocity field was established by 
KOROLEV and SvERAK [68], under the assumption of “small” data. They 
identified the corresponding leading term as a so-called Landau solution 
of the Navier-Stokes equations. If the body performs only a rotation but 
no translation, that is, if € = 0 and 7 + 0, FARWIG and HISHIDA [29] and 
FARWIG, GALDI and KYED [28] established similar expansions with the 
same leading terms. 

Concerning the time-periodic case, which is described by time-periodic 
solutions to (1.7), KANG, MIURA and TSAI [62] recently derived an asymp- 
totic expansion for the velocity field u for flow around a body at rest, that 
is, in the case € = 7 = 0. For the flow past a non-rotating body, that is, 
in the case of constant translational velocity € # 0 and vanishing angu- 
lar velocity n = 0, an asymptotic expansion was established by GALDI and 
KYED [51]. In both results the asymptotic profile of the time-periodic flow 
coincides with that of the corresponding steady-state problem described 
above. 

In Chapter 6 we further investigate the case of flow past a body. More 
precisely, in the final result, the mean translational velocity £ is allowed to 
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be time dependent with non-vanishing time mean X defined in (1.8). Be- 
ginning with the asymptotic expansion established in [51], we employ the 
time-periodic fundamental solutions from Chapter 5 to derive pointwise 
estimates of the velocity field u and its gradient Vu of a solution (u,p) to 
(1.7). Subsequently, we examine the corresponding vorticity field curl u 
by means of an integral representation via the associated fundamental 
solution. 

One of our main observations in Chapter 5 is that the steady-state parts 
of all investigated time-periodic fundamental solutions decay slower than 
the associated purely periodic parts. Our findings in Chapter 6 show that 
the velocity and vorticity corresponding to a time-periodic Navier-Stokes 
flow have similar properties, and we observe that the steady-state parts 
of both the velocity and vorticity fields decay slower than the respective 
purely periodic parts. 
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In this chapter, we prepare the notation used throughout the present 
thesis as well as some preliminary results. After introducing the basic no- 
tation and function spaces, we present some results from harmonic analysis 
on groups. For a more detailed introduction to this topic, we refer to [95]. 
Subsequently, we introduce the notation for Sobolev spaces together with 
frequently used inequalities. Finally, we collect some preliminary results 
from mathematical fluid dynamics. Most of the presented results can be 
found in [42]. 
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2.1 Basic Notation 


In this section we prepare the basic notation concerning number sets, 
vector analysis and function spaces. 


2.1.1 Sets of Numbers 


The symbol N denotes the set of natural numbers, that is, the set of 
positive integers. We set No = Nu {0}, and let Z, Rand C denote the sets 
of integers and real and complex numbers, respectively. Usually, elements 
in RxR” are denoted by (t,x), and consist of a time variable t and a spatial 
variable x. For the sign of a real number x € R we write sgn(x), and the 
argument of a complex number ze Cx {0} is denoted by arg z € (-7,7], 

For n € N let a = (a1,...,Qn) € Nọ and 6 = (61,..., Bn) € NG be multi- 
indices. Then we set |a| = a, +---+a,. The notation a < 8 means a; < b; 
for all j= 1,...,n. 

When considering a number a > c for c € R, we implicitly assume that a 
is real if not indicated otherwise. However, there is one exception of this 
rule: If a is replaced by the letter n, that is, when considering n > c for 
some c € R, we implicitly assume that n € N. 

The set {e,,...e,} denotes the standard basis of R” and C”. Then 
e;-e, = Öjr, where ôy denotes the Kronecker delta. Let x = (£1,..., £n) 
and y = (y1,---;Yn) be elements of R” or C”. We denote the Euclidean 


norm of x by 
lel = Vlal'+ + lal’, 


and for the (real) Euclidean scalar product we write x-y = x;yj. Here 
and in the following we use the Einstein summation convention, that is, in 
products we implicitly sum over repeated indices from 1 to n. Similarly, 
for matrices A = (A;,), B = (Bj,) € C"*" the scalar product is denoted by 
A: B= Aj;,Bj,. Moreover, the tensor product x @ y € C"" of x and y is 
given by (x 8 y)jk = &jyr. The vector product x Ay € C3 of x,y € C? is 
defined by (x ^y); = Ejrexkye, Where ejre is the Levi-Civita symbol defined 
by 


1 if (j,k, 2) is an even permutation of (1, 2,3), 
Ejre=1-1 if (j,k, 2) is an odd permutation of (1, 2,3), 


0 otherwise. 


Moreover, if ze C? is a third vector, we set x ay: z= (xay): z. 
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For R > 0 and x € R” we let Bx(x) := {y € R” | |x- y| < R} denote the 
ball of radius R centered at x, and B*(x) = {y € R” | |x -y| > Ry is the 
interior of its complement. For x = 0 we simply write Br = Br(0) and 
B® := B®(0). Moreover, wp denotes the surface area of unit sphere in R”. 
For Q c R” we define Ir = ON Bp and QË = Qn BF. 

A set Q c R” is called a domain if it is a non-empty, open, connected 
subset of R”. We call Q a bounded domain if it is contained in a ball Br for 
some radius R > 0, and an exterior domain if it is the complement of the 
closure K of a bounded domain in R”. In the latter case, 6(Q°) denotes 
the diameter of K. Without loss of generality, we make the technical 
assumption that 0 belongs to the interior of K. 

If the (compact) boundary of 2 can locally be represented as the graph 
of a Lipschitz continuous function, we say that Q has Lipschitz boundary 
or that it is a Lipschitz domain. If it can locally be represented by the 
graph of a function that is k-times continuously differentiable, k e N, we 
call Q a domain of class C*, a domain with C*-boundary or a C*-domain. 

Spatial derivatives of a sufficiently regular function u on a domain Q c 
R” are denoted by Oju = O,,u for j = 1,...,n, and Vu = (Öu,...,Onu) 
denotes the gradient of u. We set Deu := Deu = OF ...0n”u for a € NG, 
and the symbol V*u = (D®u|a € NZ, |a| = k) denotes the formal collection 
of all derivatives of order k € N. Moreover, Au = 0;0;u defines the Laplace 
operator. If u = (u1,..., Un) is R”-valued, these differential operators act 
on u componentwise. Moreover, div u = ju; denotes the divergence of u. 
If v is another R”-valued function on Q, then u- Vv is the vector-valued 
function defined by (u-Vv); = urOrv;. We further let curl u denote the curl 
or rotation of an R*-valued vector field u, that is, (curl uw); = €j~c0,ue. For 
a second-order tensor field T:R” > R”*” the vector field div T is defined 
by (div T); = 0,7}. Unless indicated otherwise, these operators always 
act on the spatial variables x, also in the case when u further depends on 
time. In this case, O,u denotes its time derivative. 

We use capital letters to denote global constants, which are numbered 
consecutively throughout the complete thesis, and we use small letters to 
denote local constants, which are numbered in the respective proof. In 
order to emphasize that a constant C depends on quantities a, ß,Y,..., 
we write C = C(a,6,7,...).- 


2.1.2 Periodic Functions 


Let X be any set and u:R > X be a periodic function of period 7 > 0, 
that is, u(t+ T) = u(t) for all t€ R. When u depends on further variables 
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and is periodic considered as a function of the time variable t, we call u 
time periodic. 

For a fixed period T, we write T = R/TZ for the corresponding torus 
group, which is naturally equipped with the associated quotient topology. 
Let 7:R > R/TZ, t= [t] be the quotient map from R onto R/TZ, and let 
II: T > [0,7) be the function that maps each coset [t] € T = R/TZ to its 
unique representative t € [0,7). For any T-periodic function u:R > X, 
the composition U = u o II is a function T > X, and for any function 
U:T > X, the composition u = Uor is a T-periodic function R > X. 
In this way, we can identify 7-periodic functions on R with functions on 
T = R/TZ. In the following, we shall always do this tacitly and simply 
write U = u in this case. In particular, also t € T is referred to as the time 
variable. 

Besides its topology, T = R/T Z inherits also the differentiability struc- 
ture of R, and we say that a function U:T > X is k-times (continuously) 
differentiable if u = U or is k-times (continuously) differentiable, and the 
(time) derivative is defined by 0,U = Qyuon. 


2.1.3 General Vector Spaces 


For topological vector spaces X and Y the symbol L(X, Y) denotes the 
set of all continuous linear operators X > Y, and we set L(X) = L(X; X). 
We write J for the identity mapping in X. The (topological) dual space 
of X is denoted by X’, and for the corresponding dual pairing of x € X 
and y € X’ we write (y,x) = p(x). If X is a semi-normed vector space, 
we denote its semi-norm by |-||x. For semi-normed vector spaces X and 
Y, the Cartesian product X x Y is usually equipped with the semi-norm 


(x,y) xxx = lelx + Iulv- 


If X,Y c Z for some vector space Z, then their intersection X n Y is 
equipped with the semi-norm 


IzIxay = IzIx + lly, 


and if XnY = {0}, then X @ Y denotes their direct sum. In general, our 
notation does not distinguish between the semi-norm of a vector space and 
the semi-norm of the n-times Cartesian product X”, and we simply write 
|-Ix for the semi-norm in both cases. Moreover, when the dimension is 
clear from the context, we occasionally omit the exponent n and simply 
write x € X instead of x € X”. 
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If X is a complex-valued vector space and Ac X, then span. A denotes 
the linear hull of A in X. 


2.1.4 Continuous and Integrable Functions 


Let X and Y be topological spaces. The space of all continuous functions 
X >Y is denoted by C(X;Y). 

For X an open subset of R” or T x R” and Y a normed vector space, 
the set C*(X; Y ) contains all k-times continuously (Fréchet) differentiable 
functions X > Y, where ke Nu {oo}. By C*(X;Y) we denote the subset 
of C*(X;Y) of functions such that each of their derivatives up to order k 
can be continuously extended to the boundary of X. 

In the case Y = R we simply write C(X), C*(X), C*(X) instead of 
C(X;R), C*(X;R), CH(X;R). By C (Z) we denote the set of all com- 
pactly supported functions in C*(Z), where Ze {X, X}. The space of 
distributions, that is, the dual space of C% (Z), is denoted by D’(Z). 

Next we recall the notion of the Lebesgue integral. As customary, we 
always identify elements of these spaces, which are equivalence classes of 
functions, with one of their representatives and simply refer to them as 
functions as well. 

Let X be a o-finite measure space with measure u. For p e [1,0) 
the symbol L?(X) denotes the Lebesgue space of p-integrable functions, 


equipped with the norm 
1/p 
If lnx = [ ra) | 


X 


and L®(X) is the space of essentially bounded functions with norm 
| fllooix = u- esssup f(x) 


Note that the notation does not indicate the underlying measure u and 
does not distinguish between real-valued and complex-valued functions. In 
the following, both will always be clear from the context. If the underlying 
space X is also clear from the context, we simply write ||-|p instead of 
l-lp;x- Moreover, for 1 < p < oo the dual space of L?(X) can be identified 
with LP(X), where p’ is the Hélder conjugate of p defined p' = p/(p-1) 
if pe (1,0), and 1’ = œ and oo’ = 1. We use this identification tacitly. 
Furthermore, L? (X) denotes the set of all locally p-integrable functions 


loc 
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on X. The weak Lebesgue space LP*(X) consists of all u-measurable 
functions f:X > C such that 


sup{a u({x € X | |f(x)| > a})"? | a > 0} < oo. 


In the case X = R”, we further write |Q] for the Lebesgue measure of 
a measurable set Q c R”. In the case X = Z, which is always equipped 
with the counting measure, we set #(Z; X) = LP(Z;X). If Qc R” isa 
domain with boundary O0, the symbol dS denotes its surface measure 
given by the restriction of the (n - 1)-dimensional Hausdorff measure. If 
Q has Lipschitz boundary, we denote by n its unit outer normal vector. 


2.2 Harmonic Analysis on Groups 


One advantage of the interpretation of modeling the time periodicity of 
functions by means of the torus group T is the availability of convolutions 
and a Fourier transform. In this section we prepare some related results 
from harmonic analysis on such locally compact abelian groups. 


2.2.1 Convolutions 


Let G be a locally compact abelian group equipped with the Haar measure 
tic. In our applications, G coincides with R”, Z or T = R/TZ or a product 
of these spaces. Then R” and Z are equipped with the standard Lebesgue 
measure dx and the counting measure, respectively, and T is equipped 
with the normalized Haar measure dt defined by 


i 
vpe C(T): [war faea, 


so that T is a finite measure space of measure 1. 
The convolution u x v of two functions u,v:G —> is given by 


wx v(x) = f u(-yu) dne(y), 
G 

provided that this is well defined. If different groups are involved, we 
also use the notation u*gv to specify the underlying group. Moreover, 
if u,v:G > C” are vector fields and T:G > C"*r is a second-order tensor 
field, then the convolutions u*v and I'v are defined by u*v := uj +v; and 
(T +v); =Dj,* vx, where we employed the Einstein summation convention 
again. 
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2.2.2 The Fourier Transform 


The symbol .Z(G) denotes the Schwartz-Bruhat space on G. This gen- 
eralization of the classical Schwartz space was introduced by BRUHAT [9]; 
for a precise definition we refer to [20]. For elementary groups of the form 
G = Zf x T” x R” with £,m,n € No, which are those we encounter in the 
following, it is given by 


S(G) = {f €C°(G) | Ya, B € Nọ, y € NP, 8 € NG: Papaa (f) < oo} 


where 
Papal f) = sup RED F (Rt, x)|. 
(k,t,0)eZExTMxRr 

Here f € C*(G) means that f(k,-,-) € CX(T” x R”) for each k e Zf. 
Equipped with the topology induced by these semi-norms, < (G) becomes 
a locally convex vector space. Its dual space .Y’(G) is called the space 
of tempered distributions on G. Observe that Z(G) and .7’(G) coincide 
with the classical Schwartz space and the space of tempered distributions 
in the Euclidean case G = R”. 

As for classical tempered distributions in R”, one defines derivatives 
and multiplication via duality by 


(DIDF, p) = (-1leHFG, DD p), (gV, p) = (V, gy) 


for Ve S'(G), pe Z(G), (a, 6) e Nọ xNọ and a suitable smooth function 
g:G > C. Moreover, if there exists a function f € LI (G) such that 


loc 
(%4) = | fedue 
G 


for all y € Z(G), then we call Y a regular distribution and identify it with 
f. In this way, the spaces L?(G), p € [1,0], are continuously embedded 
into Z'(G). 

The dual group G of G consists of all continuous characters y: G > Ton 
G and is equipped with the compact open topology. By the Pontryagin 
duality theorem, the dual group of G can be identified with G. Then the 
Fourier transform Fg on G and its inverse Fg' are given by 


Fol(G)>C(@), Fel fa) = f Fort) duela), 
G 


FLG) CG), FFE) = f Fre) due). 
G 


23 


2 Preliminaries 


The Fourier transform Fg is a continuous isomorphism Fa: S (G) > 
Z(G), which extends to a continuous isomorphism ¥@:.4/(G) > Z(G) 
by duality, that is, 


(Fal¥], p) = (Y, Fale) 


for Y € Z'(G) and p € Z(G), which is justified by the Pontryagin duality 
theorem. If the Haar measures on G and G are suitably normalized, then 
Fg is an isometric isomorphism Fg: L?(G) > L?(G@) with inverse Fei. 

One can identify the dual groups of R” and T with R” = R” and T =Z, 
respectively. More generally, the dual group of G = Zf x T™ x R” can be 
identified with G = T! x Z™ x R”. This property allows to represent the 
corresponding Fourier transforms on Z(G) as 


FAM k= [Oct at, Full = f oe": ae, 


FOLIE, Full) = | FO as. 


keZ Rr 


Due to Aryan = Fr 8 Frer and Fran = Fy! 8 Fg., we further obtain the 
identities 


Frl = | [Eee dxdt, 
T Re 


Feel Mt) =f FR er ae. 
kein 

Observe that the Lebesgue measure df on R” has to be renormalized by 

a factor (27)” in order to obtain an isometry Fpn:L?(R") > L?(R”). 

Moreover, the Fourier transform Fr on T coincides with the classical 


Fourier expansion. 


The behavior of derivatives under the Fourier transform is as in the 
classical Euclidean case. The identity 


2 
Fran [ODE W] = (1 Fk) UE Fre [W] 


holds for all œ € Nj, le No and all tempered distributions Y € ./’(TxR"). 
The delta distributions in R” and Z are denoted by dgn and öz, respec- 
tively. The support of a distribution V is denoted by supp Y. 
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2.2.3 Fourier Multipliers 


A famous concept in the field of harmonic analysis is the theory of Fourier 
multipliers. 


Definition 2.2.1. Let G be a locally compact abelian group and p € 
[1,00). We call me L” (G) an LP(G) multiplier if the operator 


opalm]: Z(G) > (GC), fr Fa'[mFcLf]], 


satisfies 
yfe Z(G): |opelm](Alıro, < Calf lea). 


Then the operator op.[m] has a continuous extension to an operator 
LP(G) > LP(G), and we simply write opg[m] € £(L?(G)). We also say 
that m is an LP multiplier on G. 


The question whether or not a function m is an LP multiplier can be 
a hard one. While the set of L?(G) multipliers coincides with L*(G) 
by Plancherel’s Theorem, and the set of L!(G) multipliers is given by 
the set of all regular finite Borel measures on G (see [77, Theorem 0.1.1] 
for example), an analogous characterization for general p € (1,00) is not 
known. However, there are several famous results, which nowadays belong 
to the standard repertoire in Fourier analysis and give sufficient conditions 
for a function m to be an LP multiplier in the setting of the Euclidean 
space G =R”. One of these is the Marcinkiewicz Multiplier Theorem (see 
Theorem A.3.3). 

However, on general groups such tools are not available directly, and 
one has to circumvent this issue. The method applied here is the idea 
of multiplier transference. In order to show that a function m is an LP 
multiplier on one group, we transfer it to a different group, where better 
tools may be available. This idea goes back to DE LEEUW [16] and was 
further extended by EDWARDS and GAUDRY [18]. 


Theorem 2.2.2 (Transference Principle). LetG and H be locally compact 
abelian groups, and let ®:H > G be a continuous homomorphism. Let 
pe (1,0) and 

meL*(G)nC(G) 


be a continuous L?(G) multiplier. Then M = mo® is an L?(H) multiplier 
and 


lopx[M] || zaran < |opalm]| eara. (2.1) 
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Proof. See [18, Theorem B.2.1] or [20, Theorem 2.15]. 


Remark 2.2.3. In our applications, we usually meet two different cases. 
Either we have 


G=R, H=T, @Z>R, kek, 


or 


G=RxR", H=TxR", ®:Z xR” > Rx R”", (k,€) & (k,£). 


In both cases, ® is the trivial embedding, so that M = mlyr, that is, M is 
the restriction of m to H, which is a null set in G. This can be seen as 
the justification for the continuity of m required in Theorem 2.2.2. 


As an example, we show the continuity of the Riesz transform in L?(T). 
Proposition 2.2.4. The Riesz transform Ry in the torus T given by 
Rr S(T) > A(T),  Rr(f) = Fr'| -isen(k)Fr[f]] (2.2) 


can be extended to a continuous linear operator L?(T) > L?(T) for any 
p € (1,00). 


Proof. Let M (k) = -isgn(k). Then the statement follows if M is an Le (T) 
multiplier for any p € (1,00). Let x € C? (R) be a cut-off function with 
x(n) = 1 for |n| < 5 and x(n) = 0 for |n| > 1. Set m(n) = -i(1-x(n)) sga(n). 
Then m is smooth and m’(n) = ix'(n)sgn(n). Therefore, m and m’ are 
uniformly bounded, and the Marcinkiewicz Multiplier Theorem (Theorem 
A.3.3) shows that m is an L?(R) multiplier. Since M = m|z, we conclude 
the proof by the Transference Principle (Theorem 2.2.2). 


2.3 Sobolev Spaces 


Here we introduce the notation for classical and homogeneous Sobolev 
spaces. At first, we consider functions that only depend on spatial vari- 
ables, and we recall the famous Gagliardo-Nirenberg inequality. We intro- 
duce spaces of functions that also depend on time and collect embedding 
results for time-periodic functions. 
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2.3.1 Classical and Homogeneous Sobolev Spaces 


Let Q be an open subset of R”, ne N, and let k € No and p e [1, œ]. 
By W*?(Q) we denote the inhomogeneous Sobolev space that contains all 
functions u € L?(Q) with weak derivatives in Deu € L?(Q) for all |a| < k, 
which is equipped with the norm 


ua, = > ID*ull.o- 


lal<k 


For A € {9,0}, the space W?(A) contains all functions u such that 


loc a 
Deu € L? (A) for all |a| < k. Observe that WẸ? (Q) + WEP (Q) in general. 


loc loc 
Moreover, the homogeneous Sobolev space D*?(Q) is defined by 


loc 


D*?(Q) = {u € Li. (Q) | Du € L?(Q) for all |a| = k}, 
which we equip with the semi-norm 


lulk pio = > | D°ull,.0. 
jal=k 


When the underlying domain Q is clear, we simply write ||», and |- lpp 
instead of ||-|k p;o and |-|;,,.0- 

In contrast to W*?(Q), the space D*?(Q) is not a Banach space for 
k > 1 since |-|,,, is not definite in this case. However, both |-|x,, and 


llep are norms on C (NQ), so that one can define the respective Cantor 
completions 


WOT e. Doo 
For pe (1,00) their dual spaces are denoted by 
_ I f = 4 i 
Wo (2) = (Wo? (9)), D3"? (A) = (Do” (9))', 
where p' = p/(p-1) is the Hölder conjugate of p. Their norms are denoted 


by Ile» = ll-xpo and -lkp = l lepo 
At this point, we prepare the following density result. 


Proposition 2.3.1. Let Qc R” be an arbitrary domain and q,r € (1,00). 
Then C (N) is a dense subset of L4(Q) n D7™” (Q). 


Proof. The space L4(Q)nDj'” (Q) can be identified with the dual space of 
LY (Q) +D (9), where s’ = s/(s-1) for se {q,r}. Identifying elements of 
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C (Q) as regular distributions in D’(N), we consider ge LY (N) + Db" (Q) 
belonging to the kernel of each functional in C (Q), that is, such that 


f egaz=0 
Q 


for all y €e C (Q). This implies g = 0. Consequently, by a standard duality 
argument, C2 (Q) is dense in L7(Q) n DZ" (9). 


The following theorem gives an estimate of the boundary trace of a 
function in W12(Q). We only consider a very particular case here, which 
is sufficient for our applications. 


Theorem 2.3.2. Let Qc R” be a domain with Lipschitz boundary. For 
every € > 0 there exists a constant Ca = C2(n,Q,¢) > O such that the 
estimate 


lulsoo < elVulso + Calulao- 


holds for all u € W!7(Q). 


Proof. By a classical trace inequality (see [42, Theorem II.4.1] for exam- 
ple) we have 


1 1 1 1 
lulz < colulzolul z2 < alulsollulso + |Vullao)? 


1 1 
< co(lulzo + lulzalVulso)- 


Now the assertion follows by an application of Young’s inequality. 


The following proposition is a generalization of Poincaré’s inequality to 
second-order derivatives. 


Proposition 2.3.3 (Second-Order Poincaré Inequality). Let Qc R”, n> 
2, be a bounded Lipschitz domain, and let T be an (n - 1)-dimensional 


connected component of OQ. For 1<q< œ there exists a constant C3 = 
C3(n,0,T,q) >0 such that 


lula + [Vul < Cs|v°ul, (2.3) 


for all u c W?4(Q) with u=0 onr. 
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Proof. We prove the statement by a contradiction argument and assume 
that it does not hold. Then there exists a sequence (un) c W24(Q) with 
Un = 0 on I such that 


[unla + [Venla =t, [Vun] < = 
Then the sequence (un) is uniformly bounded in W24(Q) and thus con- 
tains a weakly convergent subsequence (which we identify with (un)) with 
limit u € W24(Q) satisfying u = 0 on T. By the compact embedding 
W24(Q) > Wta(Q), the function u is the strong limit of (un) in W149(Q). 
In particular, we conclude 


lula + [Vullq = 1. (2.4) 
Because (V?u,,) converges to 0 by assumption, (u„) converges strongly to 


u in W2-4(Q) and V?u=0. This implies u(x) = a-x2+b for ae R”, DER. 
We set 


Sab = {xe R” | a-x+b=0}. 


Since u = 0 on I, the hypersurface I belongs to the affine linear space Sa». 
By our assumption, this is only possible if Sa = R”, which is equivalent to 
a=0 and b=0. This implies u = 0, which contradicts (2.4) and completes 
the proof. 


Remark 2.3.4. Observe that the assumptions on T in Proposition 2.3.3 can 
be weakened. As we see from the proof, it suffices to assume that T is a 
subset of ON such that the vanishing-trace condition ulr = 0 makes sense 
and T is not contained in a proper affine subspace of R”. 

Moreover, Proposition 2.3.3 can directly be generalized to higher-order 
derivatives by imposing additional geometric requirements on I’. For ex- 
ample, an estimate of the form |ulla,, < C4||V?ul]|, holds under the addi- 
tional assumption that I is not contained in a quadric hypersurface. 


2.3.2 Interpolation Inequalities 


Next we recall the famous Gagliardo—Nirenberg inequality in bounded and 
exterior domains and conclude a simple corollary. 


Theorem 2.3.5 (Gagliardo-Nirenberg inequality). Let Qc R”, n> 2, be 
a bounded domain with Lipschitz boundary, and let pe (1,00], qe (1,0), 
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m eN and u € D™?(Q) n LY(Q). Moreover, letke No, O<k<m. Then 
ueD*r(N) and 
luly, < Cs(hulm plug? + lula) 


eet eed ee 
n Pp n q 


where 


r 


with 0 € [k/m,1), and Cs = C5(n,Q,p,q,m,k,0) >0. Ifm-k-n/p ¢ No, 
then 0 = 1 is also admissible. 


Proof. See [37, 84]. 


The following generalized Ehrling’s inequality is a rather direct conse- 
quence. 


Corollary 2.3.6. Let Qc R”, n> 2, be a bounded domain with Lipschitz 
boundary, N € N and p, qk € (1,0), k = 0,...,N-1 ande > 0. If 
ue WNP(Q) and ue WEa(Q) fork=1,...,N-1, then 
lull, $ Cs % lle oe u E|Ul mp» 
k=0 


where Ce = Ce(e,n, Q, N,p,d0,---;Qn-1) > 0. 


Proof. First we show the estimate for N = 1. Assume u € W1?(Q)n L2(Q) 
for p,q € (1,00). If q> p, since Q is a bounded domain, we have 


lul»<coluls < colula + luli» 


for any € > 0. If q < p, we employ the Gagliardo—Nirenberg inequality 
(Theorem 2.3.5) with 0 = n(p- q)/(np - nq + pq) to obtain 


0 FR 
lulo < ciluk plea? + lula) <c2(1 + €) lula + elul p 


by Young’s inequality. This completes the proof in the case N = 1. The 
general case now follows iteratively. 


The following result generalizes Theorem 2.3.5 to the case of an exterior 
domain. 


Theorem 2.3.7 (Gagliardo-Nirenberg inequality). Let Qc R”, n > 2, be 
an exterior domain with Lipschitz boundary or Q = R”. Let p € (1,o], 
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q€ (1,0), meN andue D"P(N)NL°(N). Moreover, letke N, O<k<m. 
Then u € DE” (Q) and 


0 = 
lul < Crlulmplulg”; 


tel. z) +a- 
pof q 


with 0 e [k/m,1), and Cz = Cz(n,N,p,q,m,k,0)>0. Ifm-k-n/p€No, 
then 0 = 1 is also admissible. 


where 


Proof. See [15]. 


2.3.3 Functions of Space and Time 


Let Q c R” and f € L}.(T x Q), and let X(Q) be a semi-normed function 
space. For pe [1,00], we write f € Le (T; X(Q)) if the function 


te IFE lxo 


belongs to L?(T), and for pe [1,00) we set 


1/p 
Iflraxo = (J IE Ako ar) | 
T 


|| fll (r;x(@)) = ess supll f(t, lx. 


We further introduce the steady-state projection 


Pf) = f Fund, Pfs S-P. 
T 


Observe that Pf is time-independent. Therefore, we call Pf steady-state 
part and P, f purely periodic part of f. 

The operators P and P, are continuous projections L?(T; X(Q)) > 
L?(T; X(Q)), which leads to the direct decomposition 


L? (T; X(Q)) = X(Q) @ L? (T; X(Q)), 


where we set L?(T; X(Q)) = P_L®(T; X(Q)). If X(Q) = LP(Q), we define 
LA(T xQ) =P L(T x Q). 
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We further introduce the space 
WE22(T x Q) = {u € LP (T; W??(Q)) | 3u € L?(T x 9)}, 
which is equipped with the norm 


> |Pzul» + 


|a|<2 


Juli, 2p = ru». 


and its purely periodic subspace W! (T x Q) = P,W!2.9(T x Q). 

Moreover, for G = T x R” the operators P and P, are continuous map- 
pings .Y(G) > Z(G). They can thus be transferred to mappings on 
S'(G) by duality via 

(PW, p) = (U, Py) 

for Y € .Y'(G) and ye Z(G). As before, we obtain direct decompositions 
of F (G) and /'(G). 

Observe that Pf = Fr[f](0) = 
further yields the identity 


Pif = I |(1-%)Alf] 


Fa [ózFr[f]] since Z7'[6z] = 1. This 


2.3.4 Embedding Theorems 


Here we consider embedding properties of time-periodic functions, more 
specifically, of functions in W124(Tx Q). The following theorem is due to 
GALDI and KYED [50]. 


Theorem 2.3.8. Let Qc R”, n> 2, be the whole space R” or a bounded 
or exterior domain in R" with Lipschitz boundary, and let q € (1,00). 


Assume that a € [0,2] and po,ro € [9, ©] satisfy 
2q nq ; 
< } <2, < —— if (2-a)q<n, 
k 2-aq u m n-(2-a)q A ) 
To < 00 if ag =2, Po < œœ if (2-a)q=n, 
To < œ if aq > 2, Po < œ if (2-a)q>n, 
and that B €[0,1] and pı,rı € [q, œ] satisfy 
2q nq ; 
< if Bq <2, pis, at UU Pann, 
oe ag n—(1-B)q 
T1 < 00 if Bq = 2, pı < 00 if (1-8)q=n, 
r1 $00 if Bq > 2, pı < œ% if (1-8)q>n. 
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Then there is a constant Cg = Cs(n,2,7,¢,70;P0,71;P1) > 0 such that the 
inequality 


Iulwroer:iro) + | Vullon (rns ay) < Calulı,., (2.5) 
holds for allue W!2-4(T x Q). 


Proof. This result was proved in [50, Theorem 4.1] for exterior domains 
of class C!. However, the proof is first established on the whole space and 
then transferred to an exterior domain by means of classical Sobolev exten- 
sion operators. Since these operators exist also for bounded and exterior 
domains with Lipschitz boundary, the generalization to these domains is 
straightforward. 


We also need the following refinement of Theorem 2.3.8, which takes 
into account a weight in front of the time derivative. Clearly, this does 
not affect estimates of the steady-state part of a function u € W!2-4(TxQ), 
which is why we only consider the case of purely periodic functions. 


Theorem 2.3.9. Let n > 2, w>0 and q € (1,00). For ae [0,2] with 
aq <2 and (2-a)g<n let 


et De os 
er N OG 
and for Be [0,1] with Bq <2 and (1- B)gq<n let 
2q nq 
Ti’ : 


Enr pı T T 
2-ßq n-(1-B)q 
Then there is a constant Co = Co(n,7,q,a, B) >0 such that the inequality 
w°? lull Lrocrtrocany) +w?’ Vule crt en) (2.6) 
< Co(w|| Aug + |V7ullq) 
holds for all u € P,W!4(T x R”). 


Proof. Since Z(G) is dense in W!4(G), it suffices to consider u € Z(G) 
with Pu = 0. In particular, we have Falu] = (1- 6z)Fc[u]. By means of 
the Fourier transform Fg, we thus derive the identity 


= Fg! = dz(k) 
lel + iw 2k 


= Faller | *pn [Yaz tr F], 


Fo [wd,u - Au] (2.7) 
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where 
F= F3| Mh.) Folwow - Au] ‘ 


lel? Ie - 6z(k)) 
IE + iw k 


Paj = Fa [kr (1-6z(k))|R e]. 


M,(k,&) = 


’ 


Then we have 
yee Mr al 
T k AIZXR” 


for fix, as in (A.87) and k =w, A= 0 and 8 = a/2. By Lemma A.3.10, 
the function ™,,, is a continuous L4 multiplier on R x R”. In view of 


Remark 2.2.3, the Transference Principle (Theorem 2.2.2) thus shows that 
M,, is an L? multiplier on G and satisfies 


Mu=( 


2T -a/2 RB a 
lope Mu] Ice) < (Fe) loprxer [Mra] < cow, 


where the constant co is independent of w due to (A.90) and \ =0. Con- 
sequently, we have 


wl | Fg < colwðu - Aulla < cofwl dula + |vula)- 
Moreover, Lemma A.3.1 yields Ya/2 € LEa” (T). Furthermore, it is well 
known that the mapping y > Fae] *pn Y extends to a bounded op- 


erator L4(R”) > L” (R”); see [57, Theorem 6.1.3] for example. Recalling 
(2.7) and employing the inequalities by Minkowski and Young, as ro > q 


we have 
ea 
ro ro 
dt 
Po 


4 
ro q 
sow, fhearr PEAP A)” <et, [Iron Fea dr) 
T Rr 


< cul? Fg < cı(wlörula + |V2ul,). 


wl? ullrroen:trorr)) = er Arzt Xen Papa tr Ft, ‘| 
T 


This is the asserted inequality for u. The estimate of Vu follows in the 
same way. 
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Remark 2.3.10. Note that the term on the right-hand side of (2.6) defines 
a norm equivalent to |-|ı. a, on W1”*(TxR"). More precisely, since Pu = 0 
for ue W+? (T x R”), Poincaré’s inequality yields 


wlulg < Ciow||O,u||g- 


By the Gagliardo—Nirenberg inequality (Theorem 2.3.7), this implies 


Cr lulia < ol tl g + [Vul < Culluls2¢ 


for a constant C11 > 0 depending on w. 


Remark 2.3.11. Theorem 2.3.9 can be generalized to the setting of an 
exterior domain Q c R” by means of Sobolev extensions. However, in 
order to maintain the homogeneous estimate (2.6), one has to construct 
a specific extension operator that respects the homogeneous second-order 
Sobolev norm. To this end, one can make use of results from [10]. 


2.4 Mathematical Fluid Dynamics 


In this section we present some results from mathematical fluid dynamics 
that nowadays belong to the standard theory in this field. 


2.4.1 The Helmholtz—Weyl Decompositon 


The Helmholtz-Weyl decomposition is used to split a vector field into a 
divergence-free (also called solenoidal) part and a gradient field. For its 
definition, let Q c R”, n > 2, be a domain. Then Cp, ((2) denotes the space 
of all divergence-free smooth vector fields with compact support, that is, 


9) = {pe CH(Q)” | div y = 0}. 


For q € (1,00), the space L3(Q) of all solenoidal vector fields in L¢(Q) and 
the space 4(Q) of all gradient fields in L2(Q) are defined by 


L4(Q) = 02,0)", 4) = {Vp | pe D™(9)}. 


Then the following theorem collects famous results. 


Theorem 2.4.1. Let Q = R” or let Q c R” be a bounded or exterior 
domain of class C?. Let q€ (1,00). For each f € L4(Q) there are unique 
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elements u € L4(N) and g = Vp € GYU(Q) such that f =u+g=u+Vp. In 
other words, the unique decomposition 


L9(Q) -LUN) EIN), 


called Helmholtz-Weyl decomposition, holds. Moreover, there exists an 
associated projection operator Py, called Helmholtz projector, such that 
Puf =u. Then Py: L9(Q) > L9(Q) is a continuous linear operator that 
satisfies P? = Py, and Py is an orthogonal projection if q = 2. 


Proof. A proof can be found in [42, Theorem III.1.2] for example. 


Note that in the case q = 2 the Helmholtz-Weyl decomposition is valid 
for any domain Q; see [42, Theorem HI.1.1] for example. In contrast, for 
any q # 2 there exist domains, where this decomposition does not hold; 
see further references in [42, Section II.1]. 

We further introduce the homogeneous space 


DLLO) = CE (M) 


2.4.2 The Divergence Problem 


Here we collect famous results about the divergence problem, that is, given 
a function g:Q > R on a domain Q c R”, to find a function v: Q > R” such 
that 


_ =g inQ, (2.8) 


v=0 on OQ, 


and satisfying suitable a priori estimates. 

We shall often encounter this problem in the following setting. When 
deriving properties for a function u: Q > R” defined on an exterior domain 
N, we frequently multiply u with a cut-off function x € C*(R”) with 
specific support and obtain a function w = yu. When u satisfies div u = 0, 
this property is lost during this procedure in general, and div w does not 
vanish everywhere since div w = u-Vx. To obtain a divergence-free function 
again, the idea is to subtract a function v satisfying (2.8) with g = u- Vx. 

In a bounded domain, this problem is resolved by the Bogovkskii oper- 
ator B. Before its introduction, note that if Q is a bounded domain, the 
assumption 


i gdz =0 (2.9) 
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is necessary for the existence of a solution v to (2.8) due to the divergence 
theorem. 


Theorem 2.4.2 (Bogovskii Operator). Let D c R”, n 2 2 be a bounded 
domain with Lipschitz boundary, There is a linear operator B: C (D) > 
C? (D)”, called Bogovskii operator, with the property 


[par=0 => divSy=y. 
D 


For q € (1,00) and m € No, this operator has a continuous extension to 
a linear operator B:W""(D) > Wo'*'"(D)". Moreover, there exists a 
constant Cig = Cia(n, D,q) > 0 such that 

[Bgl < Cildi gp (2.10) 


for all ge L4(D), where |-|2, „p is defined by 


= sw [war] | y e CPE, [volen = i} (2.11) 
D 


In particular, if g satisfies (2.9), then v = ‘Bg is a solution to (2.8). 


Proof. See [42, Theorem III.3.3 and Theorem III.3.5] for example. 


Let us have a closer look at estimate (2.10). The term |g|-;,.) on 
the right-hand side seems unusual, and one may prefer to replace it by 
|g \|-1.9¢:p for example, the norm of g in W5 (N). One can show that this 
is not possible in general; see [42, Section II.3]. However, the following 
proposition shows that when g = u-Vx = div(xu), the situation is different. 


Proposition 2.4.3. Let Q c R” be an exterior domain and let Dc Q 
be a bounded domain, both with Lipschitz boundary. Let q € (1,0) and 
ue Wi24(Q)” with divu=0 in Q and u-n=0 on 80. Further, let a,b €R 


and let x € C?(IR”) be a smooth function with x =a on B® and x =b on 
B, for some R>r>6(Q°) such that Be \ B,c D. Then 


u YX gp $ Crs ul-Lasp- (2.12) 


for some constant Ciz = Ci3(n, D,q, x) > 0. 
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Proof. To show (2.12), for y e CA (R”) we introduce the notation 


Yp = af kii 


Set g = u- Vx = div(xu). By assumption we have suppg c Br \ B, c D. 
Due to u-n=0 on Q, the divergence theorem yields 


PA en ee 


OBr 

= f xunbdS- f xu- VW -%)da 

OBR Br 

=aġp f undS+ f gd-vn)de= f 9(v- dp) ae 
OBR Br Br 


due to div u = 0. Repeating this calculation for B,, we obtain the analogue 
identity and conclude 


[var = f opar- f guae= f tw-wo)ar- f g-vp) ae 
D Br Br BR Br 


= f stw-un)dz= f u- Yx% -Yp)dz 


D 


Therefore, we have 


|J ovaal < JulagolVxCb- voll 
D 


with q’ =q/(q-1). From x € CA (R”) and Poincaré’s inequality, we further 
deduce 


I = Wp)VXo 1.2 < Co [y = Pp lig;D <c | Vi = Yp)llg:D = C1 (Vyle; 
Employing both of these estimates in the definition of PEs gp We obtain 
|u ; YıllıaD = les ep 
= supf|u|-1,.0|(% = vp)Vxlıa:D | Y E CF (R°), (Vele; = 1} 
<c lul-1,4;D sup{|| Ve lq.p | pe Co ( R3), IVellep = 1} 


= Cy lul-1..0» 


which is (2.12). 
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We can now combine the estimates (2.10) and (2.12). Moreover, in the 
setting of Proposition 2.4.3, assumption (2.9) is satisfied automatically, so 
that the Bogovskii operator provides a solution to problem (2.8). 


Corollary 2.4.4. In the situation of Proposition 2.4.3, let B be the Bo- 
gouskit operator on D. Then div B(u- Vx) =u: Vx and 


(B (u: Vx) lap < Culul-ı«0- (2.13) 


Proof. Estimate (2.13) is a direct consequence of (2.10) and (2.12). It 
remains to verify condition (2.9). As in the previous proof, we define 
g = u-Vx. By the divergence theorem and due to u-n = 0 on Q, we 
obtain 


| gar = f divom)ar= f xunds=a f divude=0. 
Br Br Br 


OBr 


Repeating this calculation for B,, we see that the corresponding integral 
vanishes as well. Due to suppg < Br \ B,, we obtain 


foa- i gdr= f gax- f gax=0. 
D Br Br 


Br\B- 


Now Theorem 2.4.2 yields div Bg = g, which completes the proof. 


2.4.3 The Stokes Problem in a Bounded Domain 


Here we collect several results concerning the analysis of the (generalized) 
Stokes resolvent problem 


Au-Au+Vp=f inD, 


divu=g inD, (2.14) 
u=0 on dD 


in a bounded domain D c R”. First of all, let us recall the following 
well-posedness result including a resolvent estimate. 


Theorem 2.4.5 (Stokes Resolvent Problem). Let D c R”, n > 2, be a 
bounded domain of class C?. Let £ >0 and 


Ae {ze Cx {0} | largz|< m -e} u {0}. 
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For all f €e L9( D) and ge W!4(D) with 


[gar =0 
D 


there exist functions ue W?4( D) and pe W!4(D) that satisfy (2.14), and 
there is a constant Cis = Ci5(n, D,q,£€) > 0 such that 


Aula + [ella + IV Pla < Crs(I fll + IV ola + [Agli qp) (2.15) 


where |-|"; qp is defined in (2.11). Moreover, if (u1,pi) € W?4(D) x 
W!4(D) is another solution to (2.14), then u = u and p = pı +c for some 
constant c € R. 


Proof. See [33] for example. 


Observe that the constant Cj; in the resolvent estimate (2.15) is inde- 
pendent of the resolvent parameter A, which is crucial for the treatment 
of corresponding time-dependent problems. Moreover, the term gles, 4 
which appears on the right-hand side of (2.15), can be estimated with the 
help of Proposition (2.4.3) if g is of the form discussed there. 

In the divergence-free case, that is, for g = 0, one can reformulate (2.14) 
as a resolvent problem of the Stokes operator —PyA, which is a closed 
operator on the space of solenoidal vector field LZ(D). The following 
theorem collects famous results in the Hilbert-space case q = 2. 


Theorem 2.4.6 (Stokes Operator). Let D c R”, n > 2, be a bounded 
domain of class C?. Then the Stokes operator, given by 
A:dom(A) c L?(D) > L?(D), u -PyAu, 


5 59 (2.16) 
dom(A) :=L;(D)n Wg (D)"nW“(D)", 


is a densely defined closed operator. Moreover, A is invertible and positive 
self-adjoint. If fe L?(Q), then (u,p) € W2?(Q) x W12(N) is a solution to 


-Au+Vp=f inD, 
divu=0 in D, (2.17) 
u=0 ondD 


if and only if ue dom(A) with Au = Puf. 


Proof. See |97, Theorem III.2.1.1] for example. 
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For the moment consider f € L2(D), and let (u, p) € W22(9) x W1?(Q) 
be a solution to (2.17). By Theorem 2.4.6 we then have -Py Au = Pu f = f, 
and Theorem 2.4.5 yields the estimate 


lwla,. < Cisl fa = Cis|PuAulle, 


where the constant Cis depends on the domain D, which is a natural 
phenomenon. The peculiarity of the next lemma is that it yields an es- 
timate of the second derivatives of u by the Stokes operator such that 
the corresponding constant is independent of the domain D under certain 
conditions. However, to achieve this, one has to add the term ||Vullz on 
the right-hand side. 


Lemma 2.4.7. Let D c R? be a bounded domain with C3-boundary. Every 
u e L2(D) n WẸ? (D) n W22(D) satisfies 


[Vula < Cie(|PuAul2 + |Vul2) 


for a constant Cis = Cie(D) > 0 that does not depend on the “size” of 
D but solely on its “regularity” In particular, if D = Qpr for an exterior 
domain Q with ON c Br, the constant Cie is independent of R and solely 
depends on Q. 


Proof. See [59, Lemma 1]. 
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This chapter is concerned with the existence of strong solutions to the 
Oseen and Navier-Stokes equations, describing viscous incompressible flow 
past a body, in both the steady-state and the time-periodic case. The main 
novelty is the following: Though considering these problems in an exterior 
domain, we derive existence of solutions with velocity field belonging to a 
full Sobolev space, and not only to a homogeneous one. These results are 
new and were published in [19]. 

To be more precise, we begin with the linear theory, that is, the study 
of the time-periodic Oseen problem 


%u-Au-Adu+Vp=f in TxQ, 
divu=0 inTxQ, 

u=0 on Tx dQ, 
lim u(t,z)=0 forte T 


|x|+00 


and its steady-state counterpart in an exterior domain 2 c R”, n > 2. 
The Reynolds number A > 0 and the time period 7 > 0 defining the torus 
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group T := R/TZ are fixed and data f is prescribed. The main task is to 
find suitable functional frameworks that render these problems well posed, 
that is, such that there exists a unique velocity field u and a pressure p 
in a suitable functional framework that satisfy these equations and obey 
corresponding a priori estimates. 

Let us address the time-independent case at first, that is, the steady- 
state Oseen problem, which has been studied extensively over the last 
years. There exists a well-established L? theory for this problem, which 
was initiated by GALDI [40]. For an overview, we further refer to [42, 
Chapter VII], the more recent paper [2] and the bibliography there in- 
cluded. Concerning the question of well-posedness, the peculiarity is that 
for general data f € L?(N), the solution space for the velocity field u is not 
a full Sobolev space but an intersection of homogeneous Sobolev spaces. 
One can merely ensure that 


vveL(Q), VueL(Q), veL*(N) 


for different values q < sı < s2. In this chapter, this problem is resolved by 
passing to a different functional framework. More precisely, we consider 
data f that, besides being an element of a Lebesgue space L7(Q), belong 
to D5 (Q), the dual space of a homogeneous Sobolev space. Under cer- 
tain conditions on q and r, we show existence of a solution (u,p) such 
that the velocity field u belongs to the full space W?4(Q) and satisfies 
corresponding a priori estimates. 

Based on this, we analyze the time-periodic Oseen problem by decom- 
posing it into the steady-state Oseen problem and a second purely peri- 
odic problem. For the latter, the velocity-field solution naturally belongs 
to the full Sobolev space W!?:4(T x Q) for f € L4(T x Q). Therefore, by 
a combination with the previously collected steady-state results, we then 
establish well-posedness in a framework where the (time-periodic) velocity 
field belongs to the full Sobolev space W!?:4(T x Q). 

Finally, we show existence of both steady-state and time-periodic solu- 
tions to the Navier-Stokes problem 


Ou - Av - Adv + Vp+u-Vu=f in Tx Q, 
divv=0 in Tx Q, 

v=-Ae, on Tx OQ, 
lim v(t, xz) =0 for teT, 


|x|00 


which describes the flow around a body that translates with non-vanishing 
velocity Aeı, A > 0. Assuming that the data f and A are “sufficiently 
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small”, and n > 3, we employ the developed linear theory and show exis- 
tence of solutions (v, p) by the contraction mapping principle. This yields 
solutions where the velocity field v belongs to a full Sobolev space in both 
the steady-state and the time-periodic case. 

In this chapter, we proceed as follows. In Section 3.1 we show well- 
posedness of the steady-state Oseen problem in a framework where the 
velocity field belongs to the full Sobolev space W?-7(Q). In Section 3.2 we 
then derive two different well-posedness results for the time-periodic Oseen 
problem. Finally, Section 3.3 deals with the nonlinear case, that is, the 
existence of steady-state and time-periodic solutions to the Navier-Stokes 
equations for “small” data. 


3.1 The Steady-State Oseen System 


In this section, we address the question of well-posedness of the steady- 
state Oseen system 


-Au-Adhu+Vp=f inQ, 
divu=0 inQ, 
u=0 on dQ, (3.1) 
ne u(x) =0, 


where Q is an exterior domain of R” and f:Q > R” and à> 0 are a given 
external force and a dimensionless (Reynolds) number, whereas u: Q > R” 
and p: Q > R are unknown velocity and pressure fields, respectively. First 
of all, we recall well-known results on the existence of strong solutions for 
data f € L2(Q) and of weak solutions for data f eD,""(N). In both cases 
one can merely ensure the velocity field u to belong to an intersection of 
homogeneous Sobolev spaces but not to a classical one. Motivated by this 
observation, we then derive a solution theory such that the velocity field 
u belongs to a classical Sobolev space W24 (Q) for suitable q € (1,00). To 
this end, we consider data f € L!(N)nD, (N) and establish existence of 
a unique solution together with suitable a priori estimates. 


3.1.1 Strong Solutions in Homogeneous Sobolev Spaces 


Here we recall the classical well-posedness result for the steady-state Oseen 
problem (3.1) for data f € L9(Q). For this purpose, we introduce the 
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following function space, which characterizes the velocity field u. For 
q € (1, =) and à > 0 we define 


XI (Q) := {u e D*9(0)" n DQ)” n Le(Q)” | due L9(Q)"}, (3.2) 
which we equip with the norm 
1 2 
lulls = lula g + Aliula + A7 lul s, + AMT fulsa, 
where 


o 0D a+Da 


= : 3.3 
nt+1—-q’ ’Tn+1-2q (3.3) 


The following result is well known. 


Theorem 3.1.1. Let Q c R”, n > 2, be an exterior domain with C? 
boundary. Let à > 0 and q € (1, =). For every f € L4(Q) there exists 
a solution (u,p) € X¥(Q) x Dt4(Q) to (3.1), which further satisfies the 
estimate 


lll xeca) + Phig $ Cr7ll fla (3.4) 


for a constant Cir = Ci7(n,Q,¢,A) > 0. However, if qe (1,5) and0<A< 
Ao for some ào > 0, then Ciz = Ci7(n, Q, q, Ao), that is, Ciz is independent 
of A. Moreover, if (ü,P) € XX(N) x Db4(Q) is another solution to (3.1), 
then u=t and p =P +c for some constant ce R. 


Proof. This result was proved in [40]. See also [42, Theorem VII.7.1]. 


The previous theorem does not treat the case f € L4(Q) for q > &. 
However, it is possible to show existence of a unique solution in an appro- 
priate quotient space, which satisfies an a priori estimate corresponding 
to (3.4); see [42, Remark VII.7.1] for example. 

To obtain a well-posedness result in a different functional framework, 
one main ingredient in our approach is the following theorem that provides 
us with an a priori estimate for a solution to the Oseen problem 


(3.5) 


a Adhu+Vp=f in R”, 


divu=0 in R” 


in the whole space. 
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Theorem 3.1.2. Let n > 2, q€ (1,00) and X>0. For every f € L4(R") 
there exists a solution (u,p) € W24(R")" x WIR") to (3.5) that satisfies 


loc loc 


luloq +All ulla + IPlig < Cha fila (3.6) 


for some constant Cis = Cis(n,q) > 0 independent of X. 


Proof. See [42, Theorem VI1.4.1]. 


Note that Theorem 3.1.2 tells nothing about uniqueness of the solution. 
Clearly, if one modifies u and p by additive constants, they still are solu- 
tions to (3.5). This is not the only possible modification. However, in the 
next lemma we show that we have uniqueness up to polynomials. Note 
that we also allow the case À = 0. 


Lemma 3.1.3. Let n>2, AeR and (u,p) € /'(R")"*! satisfy (3.5) with 
data f =0. Then uj, 7 =1,...,n, and p are polynomials. 


Proof. Computing the divergence of (3.5)ı, we obtain Ap = 0, which yields 
-|£ P = 0 with P = Fgn[p]. Hence, we have suppp c {0}, so that p is a 
polynomial. Now an application of the Fourier transform FAgn to (3.5), 
results in (JE)? - iA€,)@ = -i€f with T= Fg- [u], so that 


supp | (I|? - iA&)@] = supp | - i&p] c {0}. 


Since the only zero of € + (|€|? - iĉ) is € = 0, we conclude supp@ c {0}, 
and u is a polynomial in each component. 


3.1.2 Weak Solutions in Homogeneoues Sobolev Spaces 


After having prepared the required statements on strong solutions, let us 
now collect some well-known results about weak solutions to the steady- 
state Oseen problem (3.1). First of all, let us recall the notion of weak 
solutions. 


Definition 3.1.4. Let Q c R”, n > 2, be an exterior domain, and let 


f ¢€D(Q)" be a distribution. A function u € Dy"(Q)” with r e (1,00) is 
called weak solution to (3.1) if it satisfies div u = 0, and 


J ur vp-Aau-pdr=(f,p) (3.7) 
Q 


47 


3 Flow Past a Non-rotating Body 


for all y € CZ, (Q). Moreover, we call a function p € L,.(N) a pressure 


associated to u if (u,p) satisfies (3.1), in the sense of distributions, that 
is, 


J vurvb-ddu-vde=(f,9)+ f paivdde (3.8) 
Q Q 


for all y € CR (Q)”. 


The next lemma provides sufficient conditions on the right-hand side f 
in order to find an associated pressure p for a weak solution u. 


Lemma 3.1.5. Let Qc R”, n> 2, be a locally Lipschitz exterior domain, 
let re (1,00) and f e Wo” (Qr)” for any R > 6(Q°). Then, for every 
weak solution u € Dg"(Q)" to (3.1) there exists an associated pressure field 
p with pe L’(Nx) for all R > 6(Q°). If f e D "(DJ)" for r > n/(n-1), 
one can choose p such that pe L" (Q). 


Proof. See [42, Lemma VII.1.1 and Theorem VII.7.3}. 


Note that Lemma 3.1.5 only yields a pressure pe L"(Q) if r > n/(n-1). 
It is an open question whether or not this global integrability can be 
achieved if re (1,n/(n-1)]; see also [42, Remark VII.7.2]. 

The existence of weak solutions u € Dj”(Q) for f € Dg'”(Q) together 
with corresponding a priori estimates has first been shown by GALDI 
[40] in the case r e (4,,n +1). Later, AMROUCHE and RAZAFISON [3] 
extended this result in the three-dimensional case to r € (3,4), and KIM 
and Kim [64] generalized it in n > 2 dimensions and showed existence for 
fe Ds "(N)" for any r € (,n+1). The following theorem collects their 
results. 


Theorem 3.1.6. Let Q c R”, n > 2, be an exterior domain with C?- 
boundary. Let r e (*+,n+1),0<A< à and f € D, "(NM)". Define 


sis n, Then there exists a unique weak solution u € Dg” (Q)"ALs(Q)” 


to (3.1), which satisfies the estimate 


1+6 


| Val + Art lulls < Cià] Fla (3.9) 


for some constant Cig = Cig(n, r, Q, ào) > 0, where 


2 if H <r< T, 1 ; 
yn=r=2, 
M=10 if4<r<n, s- (3.10) 
else. 
1 ifn<r<n+l, 
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Furthermore, there exists an associated pressure p such that p € L’(Qr) 
and due Wo" (Qr)” for any R > 6(Q°). Provided that 


J par=0, 
QR 


these functions further obey the estimate 
M 
Aldrul-ı,r0r + Plan < CA tl, (3.11) 


for a constant Co = Co9(n, 7, Q, Ao, R) > 0. 
Additionally, if r € (Z,n), we can choose p such that pe L'(Q). Then 
Ayu € Da" (Q)" and the estimate 


Ipl- + Aldu] n < Cal flay (3.12) 
holds for some constant Cg, = Cai(n, r, Q, ào) > 0. 


Proof. The existence of a unique weak solution u € L8(Q)" n Dj" (Q)", 
which obeys estimate (3.9), was established in [64, Theorem 2.2]. Due 
to the embedding D, " (N) > Wo’ (Qa), by Lemma 3.1.5 there exists an 
associated pressure p with p € L’(Qr) for any R > ö(N°). Moreover, for 
we CHr(Qr)” we thus have 


-\ | Owu-wdx=(f,v)+ | (pdivy - Vu: Vy) dx 
T j 


Q 


< (flay + Plone + Vul) Vl, 
where r’ =r/(r-1), which implies due W3™” (QR) and 
Aldrul-ınor < coffa + pleer + Vel). (3.13) 


In particular, since C% (Qpr) is dense in wir (Qa); the identity (3.8) holds 
for all de WIDE)". To derive an estimate for p, we fix R > 6(Q°). By 
adding a suitable constant to p, we may assume that its mean value on 
Npr vanishes. Now let de WDR)" be a solution to the problem 


. r- 1 T- . 
divy = bl p- | bl pde=g ine, 
Rig, 


which exists by Theorem 2.4.2 since g has vanishing mean value and sat- 
isfies ge L” (Qpr). Moreover, we have 


Wlan Sealglrion < clPlra,: 


49 


3 Flow Past a Non-rotating Body 


Inserting this function into (3.8), since the mean value of p vanishes, we 


deduce 
Br i 28 r-2 
Plc ee aa pdr 
R R R 
= [ Yu: Vy- Adiu pdz- (f, b) 
QR 


< c3(1 F Ao) (| Vull + flar) Yla 
< c4(1 + Ao) (| Vulle + Fla PE 


Combining this estimate, (3.13) and (3.9), we arrive at (3.11). 
Now let n/(n-1)<r<n. Then Lemma 3.1.5 yields the existence of a 
pressure p € L"(Q), and by [42, Theorem VII.7.2] we have the estimate 


Ipl- < csl fl-1,- 
Arguing as above, we now obtain u € D, (9) and 
Adıul_,.<cs(lflı, + pl, + Vell). 


Since M = 0, a combination of these estimates with (3.9) finally implies 
(3.12). 


We further recall the following local regularity result for weak solutions. 


Theorem 3.1.7. Let Q be an exterior domain of class C?, re (1,00), and 
fe C(O)”. Let ue WE(Q)”, pe Lt. (Q) such that divu = 0, ulag = 0 


loc loc 


and (3.7) is satisfied for all p € C, (Q) . Then ue C*(Q) 0 W2"(Q) and 


loc 
ly 


the associated pressure p satisfies p € C” (9) n WEZ (Q). 
Proof. See [42, Theorem VII.1.1]. 


In order to obtain uniqueness for solutions to (3.1) in an exterior do- 
main, we cannot directly proceed as in Lemma 3.1.3. However, a standard 
cut-off argument combined with the following decay property for weak so- 
lutions turns out to be a useful method to exploit Lemma 3.1.3 also in 
exterior domains. We employ this in the proof of Lemma 3.1.9. 


Theorem 3.1.8. Let Q c R”, n > 2, be an exterior domain and u be 
a weak solution to (3.1) with u € L’(NR) for some s € (1,0) and some 
R > 6(Q°). Moreover, let f e W™"(Q) for some m € No, r € (n/2, 0). 
Then 


vacNg, 0O<sjal<m: ee Deu): 


Proof. See [42, Theorem VIL.6.1]. 
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3.1.3 Strong Solutions in Full Sobolev Spaces 


In order to find an appropriate function space such that the velocity- 
field solution u to (3.1) is an element of the inhomogeneous Sobolev space 
W24(Q), we combine the theory for strong and weak solutions from the 
previous subsections. The following lemma provides an L4 estimate for 
the solution with error terms on the right-hand side, which are omitted 
in the proof of the subsequent main theorem. For the proof we employ a 
classical cut-off procedure. 


Lemma 3.1.9. Let Qc R”, n> 2, be an exterior domain of class C?, and 
r,se (1,00), fe CR(Q)”. Let we DE(O)"NL’(D)" be a weak solution to 
(3.1), and let pe Li (Q) be an associated pressure. Then, u € D?4(Q)”, 
Ou € L9(Q)", and pe Dba(N) for all q € (1,00), and for each R > 6(Q°) 
there exists C2 = C'22(n,g,2, R) > 0 such that 


lul g + Aliula + Whig $ C20 + Vf lat lulıaon + Weller) (3-14) 


Proof. By Theorem 3.1.7, we have u € W22(Q)nC~(Q) and pe W24(Q)n 
C~(Q) for allge (1,r]. Let 0 < Ro < Rı < R such that OB, € Q, and 
let x € C7(R") with x = 1 on Br, and x = 0 on B®. We set v = 
(1- x)u + B(u- Vx) and p = (1- x)p, where B denotes the Bogovskii 
operator; see Theorem 2.4.2. Then v € W24(R") nD! "(R") n Ls(R") and 


pe W.4(R") satisfy 


loc 


(3.15) 


divv=0 in R” 


ee in R”, 


with 
Fs (1-x)f +2Vx: Vu+ Axu + Adıxu-pVx+|- A= Ad, ]B(u- Vx). 
Moreover, we have F € L4(Q) with 


IF la < cofl fla + C+ Alur aon, + Place, + (1 +A)IB(u- Vx) lza) 
< a(lfla + C + Alula + IPlaon,) 


by Theorem 2.4.2. From Theorem 3.1.2 we thus conclude the existence of 
a solution (v1, p1) € WU(R") x WR") to (3.15) that satisfies estimate 


loc loc 


[vilo q + Alva lla + [Pih q < Cisl E la: (3.16) 
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Now set w := v -v and q = p- pı. Then (w,q) is a solution to the homo- 
geneous system (3.5) with f =0. Therefore, w = v-v, is a polynomial by 
Lemma 3.1.3. Moreover, from Theorem 3.1.8 and f € C (NQ) we conclude 
len D°v(z) = m D°u(z) =0 

for all a € Nj. For |a| = 2 we further have Dev, € L7(Q), so that the 
polynomial D*w = D*v - D®v, must be zero, that is, Dew = 0 for |a| = 2. 
In the same way we conclude w = 0 and, since both v and v are solutions 
to (3.15), also Vq = 0. Hence, we can replace (v1, p1) with (v, p) in estimate 
(3.16). Since u = v and p =p on OR, we thus have 


lulo „or + Al Ovull gor + Phi gor < log +Alörvllg + Phi g 
< C||F la < c3(lf la + +A) Uliaon, + Plan, ): 


To derive the estimate near the boundary, we use another cut-off function 
xı € CF (R”) with xı = 1 on Br, and x; = 0 on Bf, and we set w == x1u 
and q = xip. Then (w,q) € W2:4(Q) x W!4(Q) is a solution to the Stokes 
problem 


(3.17) 


-Aw+Vg=xıf -2Vxı: Vu- Axıu+xıAdhu+pVxı in Oe, 
divw=u-Vxı in OR, 
w=0 on ONR. 


From Theorem 2.4.5 we conclude that (w,q) is subject to the estimate 


Jwlag+ [Vala < Cis (fla + (1+ Ad lull aon + Plann) 


Since u = wand p = q on Qg, a combination of this estimate with (3.17) 
yields (3.14) for allge (1,r]. 

Using u € Dr(N) and p € D'"(Q) and Sobolev embeddings, we now 
obtain u €e Wi (Q) and pe LT (Q) for rı = nr/(n- 1) >r, and we can 


repeat the above argument with r replaced by rı. By classical bootstrap 
argument, we thus obtain estimate (3.14) for all q € (1, co). 


After these preparations, we can now establish the following theorem 
that gives sufficient conditions for the right-hand side f such that the 
velocity field u is an element of W24(Q). 


Theorem 3.1.10. Let Qc R”, n> 2, be an exterior domain of class C?, 
and let q€ (1,00), re (H n+ 1), 0< À< ào. Set s = (nr. Then, for 
every f € LO)" NnDZ "(N)" there exists a solution 


we DAN)" ADMO)" ALS(Q)", pe DQ) 
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to (3.1). This solution obeys the estimates 


1+6 


ful, + Amat lulls < Cosa ma fl, (3.18) 
Me 
lul g + Aliula + Ili < Coa(I fla + A] Flr) (3.19) 


for some constant C3 = C23(n,q,7, Q, ào) > 0, where 


2 ;f n+l <r< —, 
Ye: Sna 1 ifn=r=2, 
M=50 if4<r<n, ô= N (3.20) 
else. 
1 ifn<sr<n+l, 
In particular, if s <q, then ue W24(Q)” and 
(1+6)0 (1+5)0 M 21 
AT julla + AD lui g + luloq $ Coa(I Fla + XL Flay) (3.21) 
where 
2 
1 [0,1]. (3.22) 


i= — E 
n(q-s)+2qs 


Moreover, if (u1,p1) is another solution to (3.1) that belongs to the same 
function class as (u,p), then u = u and p = pı +c for some constant ce R. 

Additionally, if r € (=,n), one can choose p such that p € L"(Q). 
Moreover, this implies u € D-1" (Q) and the estimate 


Ipl» + Aldu] p < Coal fli, (3.23) 
for some constant Co4 = Co4(n, r, Q, Ao) > 0. 


Proof. For the moment, consider f € C (Q), and let (u, p) be the unique 
weak solution to (3.1) satisfying (3.18), which exists due to Theorem 3.1.6. 
This further yields (3.23) if n/(n-1)< r< n. By Lemma 3.1.9, from 
f € CZ (Q)? we conclude u e DAN)", Ou € L9(Q)”, p € D'9(Q) and 
the validity of (3.14). Next, let us remove the norms of u and p on the 
right-hand side of (3.14). Corollary 2.3.6 yields the estimates 


lular < CoC ells + luli») + elulz g 
[Vulgar < cılul, n T ElUly q 


[Place < ColP iron + Elli q 
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Choosing e > 0 sufficiently small and combining these with the estimate 
(3.14), we arrive at 


Jula g + Aliula + [Plg $ est + AI Als + lulls + lela + [Plies ): 


From (3.18) and A < ào we now conclude (3.19) in the case f € CA (Q). 

Now consider general f € L4(Q) nDp’”(Q). By Proposition 2.3.1, there 
exists a sequence (fj) c C (Q) that converges to f. Let (u;,p,;) be the 
unique solution to (3.1) with right-hand side f; that satisfies (3.18) and 
(3.19). Then the differences (u; - up, Pj- Pr) satisfy (3.1) with right-hand 
side fj- fg and corresponding estimates. Since (f;) is a Cauchy sequence 
in L4(Q) n D7™” (Q), the solutions (uj, pj) constitute a Cauchy sequence 
with respect to the norms on the right-hand side of (3.18) and (3.19). 
Thus, there exists a limit (u,p), which satisfies (3.18) and (3.19) and is 
a solution to (3.1) with right-hand side f. In the same way we see that 
(3.23) is satisfied if n/(n-1)<r<n. 

Moreover, for s < q we can employ the Gagliardo—Nirenberg inequality 
(Theorem 2.3.7) with 8 € [0,1] given in (3.22) to obtain 

(1+6)0 


1 -M 
lula < calulu < csA (Fle +A) 


and 
lag < celula llh? < era 9 (fg +A] a), 
where we used (3.18) and (3.19). This shows u e W24(Q) together with 


estimate (3.21) and completes the proof. 


Remark 3.1.11. Note that the condition s < q is equivalent to ; < ı - L. 
Therefore, the apio r> ntl in Theorem a 1.10 implies the necessary 
condition q > 7 1. Consequently, for any q € (77 +1 o0) one can find suitable 


r such that foe any f € L9(Q)"n DJ” (Q)” there exists a solution with 
velocity field u in the inhomogeneous Sobolev space W2-4(Q)”. 


3.2 The Time-Periodic Oseen System 


After having dealt with the steady-state Oseen problem (3.1) in an exterior 
domain Q c R”, n > 2, we now turn to the time-periodic Oseen problem 


ou- Au-AOju+ Vp=f in TxQ, 
divu=0 inTxQ, 

u=0 on Tx dQ, (3.24) 
lim u(t,x)=0 forte T, 


|x|>00 
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with f:T x Q R”r a given time-periodic external force and u:T x Q > 
R” and p:T x Q > R the unknown time-periodic velocity and pressure 
fields. The main idea of our approach is to first single out the steady- 
state part (Pu, Pp) of the solution (u,p), which can be dealt with by 
applying the theory from the previous section. It thus remains to examine 
the remaining purely periodic part (PLu, Pip), which, as it turns out, has 
better functional analytic properties. More precisely, in contrast to the 
observation for the steady-state problem, the velocity field Pu directly 
belongs to the full Sobolev space W!?4(T x N) for any right-hand side 
Pif € LY(T x Q). Subsequently, we combine the results for the steady- 
state problem and the purely periodic problem to obtain a solution theory 
for the full time-periodic Oseen problem (3.24). 


3.2.1 The Purely Periodic Problem 


Here we study well-posedness of the time-periodic Oseen problem (3.24) 
when the right-hand side f is purely periodic, that is, Pf =0. We obtain 
that for any f € L4(T x Q), the solution (u,p) is also purely periodic, 
and the velocity field u belongs to the full Sobolev space W!:?:4(T x Q). 
This may be seen as the main difference in comparison to the steady- 
state problem (3.1), for which we stated different well-posedness results 
for strong solutions, namely Theorem 3.1.1 and Theorem 3.1.10. 


Theorem 3.2.1. Let Qc R”, n> 2, be an exterior domain of class C?, 
qé€ (1,00) andO<A<Xo. For any fe LI(T x Q)” there is a solution 


(u,p) € WI” (T x N)" x LI(T; D™(9)) 
to (3.24), which satisfies 
lulia + Ivplas Cos fle (3.25) 


for a constant Ca = C35(n,0,9, T, ào) > 0. If (us, p1) € WEIT x Q)” x 
L?(T;D!4(Q)) is another solution to (3.24), then u = u, and p = pı + po 
for some spatially constant function po: T > R. 
Proof. The result for n = 3 has been established in [50, Theorem 5.1]. The 
general case n > 2 is proved along the same lines. 


Remark 3.2.2. Observe that Theorem 3.2.1 also includes the Stokes case 
(A = 0). One can thus obtain well-posedness for the time-periodic Stokes 
problem by combining Theorem 3.2.1 with the well-known theory for the 
steady-state Stokes problem in an exterior domain, which can be found in 
[42, Chapter V] for example. 
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3.2.2 The Full Time-Periodic Problem 


In order to treat the time-periodic Oseen problem (3.24) for general right- 
hand sides f, that is, without the restriction Pf = 0, we use the projec- 
tion P to decompose problem (3.24) into two independent problems: The 
steady-state problem (3.1) and the purely periodic problem examined in 
the previous section. As two different well-posedness results for the steady- 
state problem are available (Theorem 3.1.1 and Theorem 3.1.10), we con- 
clude two different well-posedness results for the time-periodic problem by 
combining each of them with Theorem 3.2.1. 

We split the solution (u,p) into steady-state part (v,p) and purely 
periodic part (w,q) given by 


v= Pu, P = Pp, w = Pu, q = Pip. 


By application of P and P, to (3.24), the problem is decomposed into the 
steady-state problem 


-Av-Adhv+Vp=Pf ind, 
divv=0 in®, (3.26) 
v=0 on, 
and the purely periodic problem 
dw - Aw- àw + Vq=Pif inTxQ, 


div w =0 in Tx Q, (3.27) 
w=0 on T x ðQ, 


which we treat separately. 

The following theorem is a combination of Theorem 3.1.1 and Theo- 
rem 3.2.1, and it treats right-hand sides f € L9(T x ©). However, the 
steady-state part Pu of the velocity field u merely belongs to homoge- 
neous Sobolev spaces as in Theorem 3.1.1. 


Theorem 3.2.3. Let Qc R”, n > 2 be an exterior domain of class C?, 
and let q € (1, 4) and0<A< ào. Then, for every f € LI(T x Q)” there is 
a solution (u,p) =(v+w,p+q) to (3.24) with 


ve X¥(Q), pe D“(9), 
we Wp” (Tx 9)", q € Li (T; D™(9)), 
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which satisfies 


lel xaa) + [Vella < CP Fly (3.28) 
lwlı2. + IV alle < Co7lPifla (3.29) 


for constants Cog = Co6(n,,g,A) > 0 and Cor = Co7(n,2,¢,7, 0) > 0. 
However, if qe (1,5), then C2 = Cr6(n,Q, q, ào), that is, Cas is indepen- 
dent of A. 

Moreover, if (u1,Pı) is another solution to (3.24) that belongs to the 
same function class as (u,p), then u = u, and p = pı +o for some spatially 
constant function po: T > R. 


Proof. For existence, let f € L9(T x Q). Then we have Pf € L4(Q) and 
Pif € LI(T x Q). By Theorem 3.1.1 and Theorem 3.2.1 there exist solu- 
tions (v,p) and (w,q) to (3.26) and (3.27) that satisfy (3.28) and (3.29), 
respectively. Moreover, (u,p) = (v + w,p + q) is a solution to the time- 
periodic problem (3.24). To show the uniqueness statement, let (u,p) be 
the difference of two solutions for the same right-hand side f, that is, a so- 
lution to (3.24) for f = 0. Then the steady-state part (v,p) and the purely 
periodic part (w,q) satisfy (3.26) and (3.27) with Pf = 0 and P; f = 0, re- 
spectively. The uniqueness statement then follows from the corresponding 
result in Theorem 3.1.1 and Theorem 3.2.1. 


Remark 3.2.4. A different combination of Theorem 3.1.1 and Theorem 
3.2.1 would yield a different well-posedness result for the time-periodic 
problem (3.24). For example, one can extend Theorem 3.2.3 to the case 


fe L"(Q) @L®(T x) 


even if qı # q2 by combining Theorem (3.1.1) for q = qı with Theorem 
(3.2.1) for q = q2. One could also impose additional conditions, for exam- 
ple, in the purely periodic component and to consider 


f €L@(Q) @ (L?2(Tx Q) n L2(Tx 9)). 


This can be used to derive existence of a time-periodic solution to the 
Navier-Stokes equations, as was shown in [50]. 


In the very same way, we next combine Theorem 3.1.10 and Theorem 
3.2.1. Here, besides f € L4(T x Q) we demand Pf e D}™ (Q) from the 
right-hand side. We then obtain a solution (u,p) where also the steady- 
state velocity field Pu belongs to the full Sobolev space W24(Q). 
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Theorem 3.2.5. Let Q c R”, n > 2, and let q € (1,00), r e (*#*,n+1) 
and 0< A< ào. Set s= EX. Then, for every f € L4(T x Q)” with 


n+l-r 


Pf €D" (Q)” there is a solution (u, p) = (v +w,p+ q) to (3.24) with 


v € DAN)" n D1 (Q)” ALM)", pe D™(Q), 
we WP” (T xQ)”, q € LI (T; D™(Q)), 


which satisfies 


loli n +AT |v], < CAP fl, (3.30) 

__M_ 
log + MOA + |Vola < CÇ IPF a+ AIP Flair) (3.31) 
lwlı2. + Vala < C28 Pa fla (3.32) 


for a constant Cog = Cog(q,7,2,0,7) > O and M and 6 as in (3.20). 
Moreover, if (u1, p1) is another solution to (3.24) that belongs to the same 
function class as (u,p), then u = u, and p = pı + Po for some spatially 
constant function po: T > R. 

In particular, if s <q, then ue W!?-4(T x Q)” and 


(1+8)0 (1+6)0 M 
Am [vg + AZ luli g + loloa $ Cos IP Fla + AIP Fla) (68-33) 
where 0 € [0,1] is given in (3.22). 


Proof. For existence, let f € L9(T x Q). Then Pf € L9(Q) n D-L«(9) 
and P,feL’(Tx Q). By Theorem 3.1.10 and Theorem 3.2.1 there exist 
solutions (v,p) and (w,q) to (3.26) and (3.27), respectively, that satisfy 
(3.30), (3.31) and (3.32) Moreover, (u,p) = (v+w,p+gq) is a solution to the 
time-periodic problem (3.24). To show the uniqueness, let (u,p) be the 
difference of two solutions for the same right-hand side f, that is, a solution 
to (3.24) for f = 0. Then the steady-state part (v,p) and the purely 
periodic part (w,q) satisfy (3.26) and (3.27) with Pf = 0 and P,f=0, 
respectively. The uniqueness statement follows from the corresponding 
result in Theorem 3.1.10 and Theorem 3.2.1. 


Remark 3.2.6. The observation made in Remark 3.1.11 applies to Theorem 
3.2.5 as well: For any q € nat , co) we can find a suitable r such that for any 


f e LAT x Q)” with Pf e D71" (Q)” there exists a solution with velocity 
field u in the inhomogeneous Sobolev space W!:2-94(T x Q)”. 
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Remark 3.2.7. Here we can make the same observation as in Remark 3.2.4. 
One can combine Theorem 3.1.10 and Theorem 3.2.1 in a different way to 
obtain a well-posedness result for (3.24) that allows for 


fe (LE (Q)” DD") @ LB (T x Q)” 


with qı # qa and suitable r. However, this is not necessary to obtain a 
solution to the corresponding nonlinear problem; see Theorem 3.3.4 below. 


3.3 Solutions to the Navier-Stokes Equations 


Here we employ the previously derived linear theory for the steady-state 
and the purely periodic Oseen systems in order to find solutions (u, p) 
to the corresponding nonlinear Navier-Stokes problems. Note that, as 
mentioned beforehand, we give appropriate conditions for f such that the 
velocity field u (or its steady-state part Pu in the time-periodic setting) 
belongs to the full Sobolev space W2:4(Q)". The main idea of our approach 
is to reformulate the nonlinear problems as fixed-point problems for the 
velocity field u, which we solve by means of Banach’s fixed-point theorem. 
Observe that our approach only yields a solution in dimension n > 3. 


3.3.1 The Steady-State Navier-Stokes Problem 


Here we consider the steady-state Navier-Stokes problem 


-Av - àv + Vp+ v- Vv = f in Q, 
divv=0 in Q, 
v=-Ae, on Q, (3.34) 
lim v(x) =0, 


|z| 


where Q is an exterior domain of R”, n > 3, and f:Q > R” is a given exter- 
nal force, whereas v: > R” and p: Q > R are the unknown velocity and 
pressure fields, respectively. We consider the case of non-vanishing veloc- 
ity “at infinity”, which corresponds to a non-vanishing Reynolds number 
A #0. Without loss of generality, we may assume A > 0. 

To show existence of a solution to (3.34) under the assumption of 
“small” data, we combine Theorem 3.1.10 with the contraction mapping 
theorem. For this purpose, we first reformulate (3.34) as a problem with 
homogeneous boundary conditions by means of a classical lifting proce- 
dure, which relies on the following simple lemma. 
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Lemma 3.3.1. Let R> 6(Q°). There exists a function V e CA (R")" with 
suppV c Br, div V =0 and Vag = ey. 


Proof. Consider a second radius Rp > 0 with 6(Q°) < Ro < R, and let 
pe Ce (R”) with y =1 on Br, and y =0 on B®. We define the function 
V:R” > R” by 


1 
Vz) >[A - V div ] (o(z)22eı). 
Then V e C% (R")”, supp V c Br and 
1 
div V (x) = zldivA - A div |(y(2)23 e1) =0. 
Moreover, for x € OQ we have |x| < Ro, and therefore 


Viz)= s[a- V div |(23eı) = [201 -0] =e). 


This completes the proof. 


Now we set u=v+AV,p:=p. Then (v,p) is a solution to (3.34) if and 
only if (u,p) is a solution to 


-Au-)d;\u+ Vp=ft+N(u) in Q, 


divu =0 in Q, 
u=0 on OQ, (3.35) 
= u(x) =0, 
where 
M (u) = -(u- AV) - V(u- AV) -AAV - AA V. (3.36) 


In order to show existence of a solution to the new system (3.35), we 
first introduce an appropriate functional framework. For q € (1,00) and 
r e (=H n +1) we define the function space 


XI (9) = {u e DIN)" n D (Q)" n L°(Q)” | divu =0, ulan = 0}, 
equipped with the norm 


(n+1)r 
s := j 
n+l-r 


(3.37) 


= 
lulagr = lula q + luli + Ar fuls, 
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Then Ay" (Q) is a Banach space. We introduce the solution operator 
Sx LIQ)” n D (QY > #7 (9), feu, (3.38) 


that maps f € L4(Q)" DZ" (D)” to the unique velocity field u € ¥"(Q) 
of a solution (u, p) to the steady-state Oseen problem (3.1) existing due 
to Theorem 3.1.10. This defines a family of continuous linear operators 
with 


lSaf leer < Cos(Iflla + flay): (3.39) 


with M as in (3.20) and C23 independent of A € (0, Ao], which follows from 
estimates (3.18) and (3.19). Moreover, we see that (u, p) with u € A” (Q) 
is a solution to (3.35) if and only if u satisfies the fixed-point equation 


u=S)(f+Ny(u)), (3.40) 


provided that f and M, (u) are elements of L9(Q)"nDj'"(Q)". The next 
lemma shows that the latter is satisfied for u € A" (Q) if 


1 1 1 
il ee (3.41) 
q nr ntl 
1 1 1 2 
— > max{ =} (3.42) 
2r n+l q n 


Lemma 3.3.2. Let q,r € (1,0) satisfy (3.41) and (3.42), and let 0< À< 
ào. Then there exists a constant Cog = Cog(Nn, Q, q,r, 0) > 0 such that 


(A 
Jur: Vuzlla $ ConA a [un [Lee [uzl xor, (3-43) 


[eer = Vuol p $ C29A77 |u | xar uolar (3.44) 


for all uy, uz € XI" (Q), where 0,n € [0,2] satisfy 


E 3 5) 24 2 E 2 4] 1 4 2 
+—- = -+---, + n=-+-- 
sn 2q sn q sn q r n q 


Proof. We choose 6; € [0,1] and 62 € [4,1] such that 


29) 


1.1.22. 1 1 1.2. 1 1 2 
+ = A = = 3 + = bə = + — ; 
sn q s 3q S n q sn 3q 


which is possible due to condition (3.41). Note that this demands 6, = 1 
or 02 = 1 if and only if q = n/3, in which case 2- n/q < 0, so that 0, = 1 
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and ə = 1 is admissible. Therefore, the Gagliardo—Nirenberg inequality 
(Theorem 2.3.7) implies 


0 Š 0 & 
lurlsa < colurlay luil,  luzli 3qy2 < calul luli 


An application of Hölder’s inequality thus yields 


0 u 0 = 
ui: Vuela < [un lal Vu2lsa2 < colul lua |; 9 Juaja u2 ee 


< cs A mt [|ua xer uae 


which is (3.43) with 0 := 2-0, - 02. Next consider no € [0,1] such that 


E 2 ) 1 1 
+ zu no = = ’ 
sn q s 2r 


which is possible due to (3.41) and (3.42). Moreover, we have mo = 1 if 
and only if 1/r = 2/q - 4/n, in which case 2-n/q < 0, so that no = 1 
is admissible. Another application of the Gagliardo-Nirenberg inequality 
(Theorem 2.3.7) then implies 


| ujllar < alujlz,lusls” 


for j = 1,2. Now Hölder’s inequality and the identity u1:-Vuz = div(u1 ®u2) 
lead to 


[ur Vuol- <eslu 8 uall» < colur or luzll2r < cr [urxe [uzle 


1,r 


withn=2-2n. 


The following technical lemma enables us to employ a fixed-point argu- 
ment in the end. 


Lemma 3.3.3. Let q,r € (1,00) satisfy (3.41) and (3.42) and 


2 ifn=3,4 
patra UR 3% (3.45) 
ne af nes. 


Then max{0, M+n} <n+1-M with M as in (3.20) and 0, n as in Lemma 
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Proof. Clearly, since M < 2, we have 0< 2<n+1-M foralln>4. For 
n=3 we also have 0 <2<n+1- M since M <1 in this case by (3.45). 

Now consider the term M +n, which clearly satisfies M +n < 4. By 
Lemma 3.3.2 we have 7 = 2 if and only if r = (n + 1)/2, which implies 
M =0. Therefore, we have M+ <4<n+1-WM forall n>5 since M <2. 
Moreover, we have M+n<3<n+1-M if ne {3,4} since M < 1 in this 
case by (3.45). 

In total, we obtain max{0, M +n} <n+1-M. 


After these technical preparations, we finally prove existence of a solu- 
tion to (3.34) by resolving the fixed-point equation (3.40) by means of the 
contraction mapping principle. 


Theorem 3.3.4. Let Q c R”, n > 3, be an exterior domain of class 
C?, and let q,r € (1,00) satisfy (3.41), (3.42) and (3.45). Then there 
exists Au > 0 such that for all O < A < Xo there is € > 0 such that for all 
f € LQ)" nDZ "(OD)" satisfying ||, + [flap < E there exists a pair (v, p) 
with 

v e DAN)" n D! (Q)? n Lane (Q)", 

ðv € LAD)”, 

p € D™1(Q) 


satisfying (3.34). In particular, if s <q, then ve W?4(Q)”. 


Remark 3.3.5. Note that the additional assumption s < q is equivalent to 


<1-—. In this case, (3.45) thus leads to the necessary conditions 


1 
q n+1° 


1 1 
a), see cela. is 


5 ifn>5. 
n?2-n- n- 


Proof. It suffices to show existence of a function u € A)” (Q) satisfying the 
fixed-point equation (3.40), that is, u is a fixed point of the mapping 


Fyi XY (Q) > V (Q), ur SAF +M (u)) 
with M (u) and S given in (3.36) and (3.38), respectively. Note that Fy 
is well defined since we have M (u) € LI(9) n D3™” (Q) for all u e X4" (9) 
by Lemma 3.3.2. Now define the closed subset 


Ap `= {ue X3” (9) | lullxer < p} 
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of Ay" (N), where the radius p > 0 will be chosen below. By Lemma 3.3.2, 
for u € A, we have 


INA Cu) lq <A [u AV [ar + [AAV + PAV | 
< ala (p+ AP +A+?), 
Wau), $ 2A mA |u - AV [ea +|AAV + AV, 
< ca(A m (pt A)? +A+ 2), 


where we used that |V|x« is bounded uniformly for 0 < A < An. From 
(3.39) we thus conclude 
(Falu) lage < ca Lf +N Cu) lg + AELS + MW.) 
< c5((1 + Amm)e 4 (a + er )(p $ A) +(1+ AHT )(AÀ +°)). 
Similarly, for u1, u2 € A, we obtain 


| Fa(ur) - Fluor 
< co |Ma (u) -M (u2)lla + AEM (u1) -Mx (ua)l i) 


< cr(à 7 + Ar ) (fua + AV | yor + [u2 + AV |xer) [ui - ualer 


M+n 
< c(A re + Am )(p + A) |e — U2 Ixer- 
By Lemma 3.3.3 we have max{0,M +n} <n+1- M. Therefore, there 
exists yeR with 


2 n+l ane n+l 
eee Va max{6,M +n} 


(3.46) 


Now we choose £ = p” = ÀA < ào < 1. Then the above estimates reduce to 


[Fx u) leer 
< cof Ø + P + (PT + p mT) (pt p?) + (14 p-mt)(p7 + p)) 


M yo M+n 
< colo 1 +p” Yast 1 +p n+l +p Var )p 


and 


8 M+ 
[Fx (u) - Fx (u) leer < caf +p )(p+ 7) Itty - ualer 


M+n 


1-2% + pe n+l )|aı —_ U2 Ixer- 


< cio(p 
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By (3.46), we can choose ào > 0 so small that 


=. 


M yo M+n 
colo 1 +p” Ya 1 +p! n+l +p! Ynti ) < 


, 


NI = 


[a] M+n 
cıa(p! Var +p! Ya ) < 


for all p < Ae ’, This ensures that Fy: A, > A, is a contractive self- 
mapping for all A € (0, åo]. The contraction mapping principle thus yields 
the existence of a fixed point u of Fy, that is, of an element u € ¥"(Q) 
that satisfies (3.40). In particular, by the definition of S), there exists 
a pressure field p such that (3.35) is satisfied, and O,u € L9(Q) and p € 
D14(Q). Finally, since V € CF (R”), the functions v = u- AV and p = p 
form a solution to the original problem (3.35) with the asserted properties. 


3.3.2 The Time-Periodic Navier-Stokes Problem 
Next we consider the time-periodic Navier-Stokes problem 


Ou - Av - ðv + Vp+v:-Vv= f in TxQ, 


divv=0 inTxQ, 
v=-Ae, on Tx dQ, (3.47) 
lim v(t,xz)=0 for t eT. 


|z| 


As before, 2 is an exterior domain of R”, n > 3. The function f:TxQ > R” 
describes a given time-periodic external force, whereas v: T x Q > R” and 
p:T x Q > R are the unknown (time-periodic) velocity and pressure fields, 
respectively. As before, we consider the case of non-vanishing fluid flow 
“at infinity”, that is, without loss of generality, A > 0. 

As in the previous subsection, in order to show existence of a solution 
(v, p) to (3.47), we reformulate the system as a problem with homogeneous 
boundary condition by means of the function V introduced in Lemma 
3.3.1. Set u(t,x) = v(t,x)+AV(x) and p := p. Then (v,p) is a T-time- 
periodic solution to (3.47) if and only if (u, p) is a 7 -time-periodic solution 
to 


%u-Au-Adhu+Vp= f+Nı(u) in TxQ, 


divu=0 in TxQ, 
u=0 on T x 02, (3-48) 
lim u(t,x) =0 for teT, 


|x|>00 
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where M, (u) is defined as in (3.36). To show existence of a solution to 
this new system, we shall again employ a fixed-point argument within an 
appropriate functional framework. For q € (1,00) and r € ntl on +1) we 
define the function space 


ZU (T x Q) = {ue W'?(T x Q)” | divu=0, ulrxon = 0, |ulzer < oo}, 
where 
1 
lulzer = IPulxer + ||Piullieg = [Pulg + [Puls + A7 |Puls+ |Pıulı2a 


with |||" and s as in (3.37). Then Z)”(Tx2) is a Banach space provided 
s <q. We consider the solution operator 


Sx: (LH n Dg" (Q)") e LI(T x Q)” > Z?" (Tx 9), fu (3.49) 


that maps a function f € L4(T x Q)? with Pf e D-'"(Q)” to the unique 
velocity field u associated to a solution (u, p) € ZU’ (TxQ) x L@(T; Dt4(Q)) 
to the time-periodic Oseen problem (3.24) existing due to Theorem 3.2.5. 
This yields a family of continuous linear operators with 


ISa f lzer < Coa( flat WIP Fla) (3.50) 


with M as in (3.20) and Cog independent of A € (0, Ao], which follows from 
Theorem 3.2.5. Moreover, we see that (u,p) with u € Z%"(T x Q) is a 
solution to (3.48) if and only if u satisfies the fixed-point equation 


u=S)(f +M (u)), (3.51) 


provided that f and M (u) are elements of L4(T x Q) with steady-state 
parts Pf and PM (u) in D3” (Q)”. The following lemma shows that 
M (u) belongs to this function class for u e Z2"(T x Q) provided that 
q,r € (1,0) satisfy 


1 3 1I 1 

-<mi =- 3.52 

nr ae er 
1.1 Le ed 2 
= > — >max{——, —- =}. (3.53) 
q 2r n+l q n 


Lemma 3.3.6. Let q,r € (1,00) satisfy (3.52) and (3.53). Let 0< A< Xo 
and ty, U2 € ZU’ (T xQ). Set vj = Puj, wj = Pu; for j=1,2. Then there 
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exist a constant Cso = Cso(n, Q, q,r, ào) > 0 and some ¢ €[0,1) such that 


3.04 
3.55 


) 
) 
3.56) 
3.57) 
) 
) 


6 
Jor: Vella $ CAT [01 | 22 ordern, 
[or Vula $ CaoA WF [vrl xer lvallaer, 
lwi: Vwalla < Colwill 2,,|wa]|ı,2,4; 


[P (w1 vw) 1, < Caol|willi2¢lwalli2, 


EE 
Jur Vwalla < OA |vilaer |walı2a, 3.58 


NN i i a a 


2 
[wi - Vella < CHA |wılı,2,alvalxer, 3.59 


where 6,7 € [0,2] as in Lemma 3.3.2. 


Proof. Since (3.52) and (3.53) imply (3.41) and (3.42), the estimates (3.54) 
and (3.55) are direct consequences of Lemma 3.3.2. 

To derive (3.56), we distinguish two cases. On the one hand, if q > 
max{2,n/2}, the embeddings from Theorem 2.3.8 yield 


[wla + |Vwlı-erran)) < colwlı2a 


for we W!-4(T x Q). Then Hölder’s inequality implies 


wi: Vwallg < [w1 lra- || Vwo sa lwılıaalwalı,g- 


On the other hand, if q < (n + 1)/2, from q > (n+ 2)/3 and Theorem 2.3.8 
(with a = 1/q and 8 = 3- (n+1)/q) we conclude 


+ Vw c2|| wW||1,2,¢ 


wlan, lizu o z 


for we W124(Tx Q), which leads to 


|wi : Vw] < |wıl |Vwe| < cz|wı|ı.2,.|w2lı.2,g- 


nq nq 
L?4(T;L™*7-24 (Q)) L74(T;L24-T (Q)) 


In total, this shows (3.56). 
For estimate (3.57), note that (3.52) and (3.53) imply aul -6<14, 
and Theorem 2.3.8 (with a = 2-n/q+n/2r), leads to 


ul) < alwlı2. 
so that Hölder’s inequality yields 


|P(wı  Vwa)|_,,, = div P(w1 8 w2)|_1,. < 5 |P (w1 8 wa) nrc) 


< cw [LTL (03) we IL2er:12r(9)) < cw laza we ize 
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For estimate (3.58) we again distinguish two cases. In the case q > n, 
(3.52) enables us to choose ¢; € (0,1) such that 


E 2 -) 1 1 
aa = Q = = ’ 
S n q s 2q 


so that the Gagliardo-Nirenberg inequality (Theorem 2.3.7) implies 


1-¢ 
villa, < calvil3 vr [iS < coA mt |vı lace” 
Furthermore, Theorem 2.3.8 yields the estimate 
| Vwellrocrsn29(a)) < C10 || wel|1,2,¢, 


and Hölder’s inequality leads to (3.58) in the case q > n. If s<q<n, we 
decide da € (0,1) by 


From the Gagliardo-Nirenberg inequality (Theorem 2.3.7) we then con- 
clude ae 
_ 1-09 
lorla < enlogi E < cd lor lazer 


and Theorem 2.3.8 implies 


| Vwa baois (Q)) < C13 | w2 | a 


Hence, (3.58) also follows by Hölder’s inequality in this case. 
For the remaining inequality (3.59), in the case q > 3 we choose (3 € 
(0,1) with 
E 2 r) 1 1 1 
—-+—--]@;=-+-—--. 
S n q S n q 


Note that ¢3 > 5 since q > s. Then the Gagliardo—Nirenberg inequality 


(Theorem 2.3.7) and Theorem 2.3.8 lead to 


| Veallq < cajo lvi < cagA v2 | 22", 
q A 
[wi lkara) < cew | 1,2,9 


which implies (3.59) by Hölder’s inequality. In the case q < n we can use 
the Sobolev inequality (that is, Theorem 2.3.7 with 0 = 1), and Theorem 
2.3.8 to deduce 


| Vee ws C17|Valo,g < cıslvalxer, 


[wilta < cilwg 
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and (3.59) also follows by Hölder’s inequality in this case. Finally, we have 
shown all asserted estimates. 


By analogy to the previous subsection, to obtain a solution to the time- 
periodic Navier-Stokes problem (3.47), we impose an additional condition 
upon the range of r, which is justified by the following technical lemma. 


Lemma 3.3.7. Let q,r € (1,00) satisfy (3.52) and (3.53) and 


nel if n = 3,4, 
ela te (3.60) 


Then max{6,M+7,¢}<n+1-M with M as in (3.20) and 6, n, ¢ as in 
Lemma 3.3.6. 


Proof. Since (3.52) and (3.53) imply (3.41) and (3.42), we directly deduce 
max{d,M +n} <n+1-M from Lemma 3.3.3. Moreover, since ¢ < 1, we 
trivially have ¢<n-1<n+1-M for all n>3. 


Finally, we establish existence of a solution to the time-periodic problem 
(3.47) by solving the fixed-point equation (3.51) in the function space 
Zed xQ). 


Theorem 3.3.8. Let Q c R”, n > 3, be an exterior domain of class C?, and 
let q,r € (1,00) satisfy (3.52), (3.53) and (3.60). Then there exists ro > 0 
such that for all O < A < Ao there is € > 0 such that for all f € L4(T x Q)” 
with Pf € D, "(NM)" satisfying If la +|Pf|, <€ there exists a solution 


E 


(v, p) € Z?" (T x Q) x L9(T; D+(9)) 
to (3.47). In particular, ve WI34(Tx Q)”. 


Proof. The proof works similar to the proof of Theorem 3.3.4. At first, let 
us show existence of a function u € ZU" (T x Q) satisfying the fixed-point 
equation (3.51), that is, u is a fixed point of the mapping 


Fy: ZI" (T xO) > Z2P"(T x), uwrS(f+Ni(lu)) 


with M, (u) and S) given in (3.36) and (3.49), respectively. Now consider 
the closed subset 


A, = {ue ZI" (T x Q) | Jullze <p} 
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of ZI" (T x Q), where the radius p > 0 will be chosen below. For u € A, set 
v = Pu, w= Pu. In particular, we then have 


PM (u) =-(v-AV)-V(W-AV) -Plw-Vw) -AAV - WAV, 
PN, (u) =-(v-AV)-Vw-w-V(w-AV)-P,(w-Vw). 


Therefore, Lemma 3.3.6 implies 


IMC) la < [PM Cu) la + [PM Cu) lla 
< co(A mr |v — AV [Zar + A77 |u -AV [xer lwli 2 
+ lwl? 24+ [AAV + OV la) 
< a(\ = (p+ A)? + AX eT (ptrA)p+ pr + AF 2), 
PN (WS old mr lu- AV [3200 + lwll? 2g + AAV + VL.) 
< cs(A TH (pt A)? +++ 2), 


where we used that |V|x« is bounded uniformly for 0 < A < An. From 
(3.50) we thus conclude 


Aula < ca([ f+ NAW) q+ [PCF +N U) La) 
< ¢5((1+ mijet (Ara + mer (pe A)? + Nomi (p+ A)p 
(Le Mae Ce PA d*)) 


<og((1+ XH) (E+ pP? ++) + (A RN ar t)(p+A)?). 


Similarly, for u1, u2 € A, we obtain 


[Fx (u) - Fx (ue) ger 
< Mu) - M, (u2) Iq + dom PIN (u) -N ())Lı.) 


0 4 M M+ 
<cg(1+A ntl +A n+l +A n+l + mt) 


x (lurllzer + lualizer + [AV er) |ui - wall er 


< co(1 +A oe er ae mt )(p + A) |u - ual ze. 


Lemma 3.3.7 implies max{6,¢, M +n} <n+1-M, so that we can consider 
yeR with 


P n+l Bit n+l 
Sare max{6,¢, M +n} 


(3.61) 
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Now we choose £ = p” = A < Ao < 1. Then the above estimates reduce to 
(Fau) eer 


< cio((1 + PR) + p? + p77) + (pom + pr + pm) (p+ p)”), 


M y8 M+n Ve 
< culo 1 +p" Var 1 +! n+l +p! Yael + pl n+1 )p 


and 


Alu) - Fr(ua) zer 


< c1(L+ pm + pr + RT + TR )(p+ PN) | - uallzer 


1 y0 1 yC 1 yM 1 „un 
< c13(p +p mit po nmi +p ni +p nt ‚jun — uallzer. 


By (3.61), we can choose ào > 0 so small that 


for all p < aY 7. This ensures that Fy: A, > A, is a contractive self- 
mapping for all A e (0, ào]. The contraction mapping principle thus yields 
the existence of a fixed point u of Fy, that is, of u € ZY” (Q) that satisfies 
(3.51). Exactly as in the proof of Theorem 3.3.4, we finally see that there 
exists a pressure field p such that v := u- AV and p form a solution to the 
original problem (3.48) with the asserted properties. 


Remark 3.3.9. Note that the conditions (3.52), (3.53) and (3.60) contain 
implicit assumptions on the permitted range of q aside from uae <q<n+l. 


In particular, the lower bound on r from (3.60) leads to 


n(n+1) = 92 
q let ifn, q | 425 ifnes, 


1 a ifn=3,4, 1 E fn=3,4, 
—< 


when combined with (3.52) and (3.53), respectively. However, by a simple 
calculation one verifies that this is a new condition only in the case n = 3. 
In summary, Theorem 3.3.8 provides existence of a solution (v, p) to (3.47) 
with v e WI24(T x Q)” for ge (2,4] if n = 3, and for ge [2%2,n+ 1] if 
n24. 
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Subject of this chapter is the investigation of the fluid flow around a 
rigid body B that moves through an infinite three-dimensional container 
of liquid. The velocity field that describes the rigid motion of the body 
shall be given by 


V(t,a) = €(t) +A (a xc(t)) 


with respect to its center of mass xc. As customary, t € R and x e R 
denote time and spatial variables, respectively. The quantities & := iro 
and n are the translational velocity and the angular velocity of B with 
respect to its center of mass. We assume that the translational velocity 
€ is periodic of some prescribed period 7, so that we can interpret it as 
a function &T > R? for the torus group T = R/TZ. We consider the 
case where the axes of translation and rotation of the prescribed time- 
periodic motion of B are constant in time and parallel, and without loss 
of generality, both are directed along the r;-axis such that 


&t)=zalt)e,  m=weı 
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for a function a:T > R and a constant we R. Under these conditions the 
time-periodic motion of an incompressible Navier-Stokes fluid around B 
that adheres to B at the boundary is governed by the equations 


bu + wW(ey Au-e, ^z: Vu)-adjutu:Vu=f+Au-Vp inTxQ, 


divu =0 in TxQ, 
u=ae +we Ag on Tx ON, 
lim u(t,x)=0 for teT, 


|x|>00 


where T = R/TZ represents the time axis and 0 := R3 ~ B corresponds to 
the exterior domain filled by the fluid flow. The functions u:TxQ > R? and 
p:T xQ > R are time-periodic velocity and pressure fields of the fluid. For 
the sake of generality, in the formulation of (4.1) we additionally consider 
a time-periodic external force f:T x Q > R? that affects the liquid. As 
explained in the introduction, motivated by physical observations and our 
mathematical approach, we only consider the configuration when the mean 
translational velocity is non-zero, that is, 


vs [oa +0, 
T 


and when the mean rotational velocity w coincides with the angular fre- 
quency 2r/T of the time-periodic data, that is, 


w= ln]. 


In order to capture the latter condition directly in the equations, we per- 
form a time scale t > wt that yields the nonlinear system 


rm 


w(ðu +e; Au-e1AX-Vu)-ahu+ru- Vu=f+Au-Vp mTx®, 


divu =0 in Tx Q, 
u=ae,twe,Ax on TxOdQ, 
ne u(t, x) =0 for te T. 
(4.1) 


Now all involved functions are 27-time periodic, and T denotes the asso- 
ciated torus group T = R/27Z. 

In order to show existence of a solution to (4.1), we study the linear 
time-periodic problem 


w(Oju +e, Au-—e, Ax: Vu)-Au-dAdu+Vp=f in TxQ, 
divu=0 inTxQ, (4.2) 
u=0 on T xo, 
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and establish well-posedness in a suitable functional framework. To this 
end, we first investigate the corresponding resolvent problem 


sv +wl(leı AU-e1AX-Vv)-Av-Adhhv+Vp=F ind), 
divv=0 -in (2, (4.3) 
v=0 on. 


As was found out by FARWIG and NEUSTUPA [31, 32], this resolvent prob- 
lem is not well posed in a classical setting of W24 spaces for the resolvent 
parameters s = iwk € C, ke Z, which are relevant for our approach. There- 
fore, we have to work in a different framework of homogeneous Sobolev 
spaces, where we establish an existence result and a suitable resolvent 
estimate below. Moreover, as it turns out, for each resolvent parameter 
s = iwk, k € Z, we obtain a different solution space. We combine these 
spaces to deduce well-posedness of the time-periodic problem (4.2) in a 
framework of absolutely convergent Fourier series. The main advantage of 
this functional framework is that it allows to directly obtain a priori esti- 
mates for a solution to (4.2) from the resolvent estimates for (4.3). Since a 
generalization of classical inequalities from the theory of Lebesgue spaces 
to this functional setting is straightforward, we can then show existence 
of a solution to the nonlinear problem (4.1). 

In Section 4.1, we examine the resolvent problem (4.3). While in the 
whole space a well-posedness result can be obtained by a suitable change 
of coordinates, in an exterior domain we use cut-off techniques and a 
Galerkin approach. In Section 4.2, we introduce the framework of func- 
tions with absolutely convergent Fourier series, in which we then establish 
well-posedness for the time-periodic problem. In Section 4.3, we reformu- 
late (4.1) as a fixed-point equation and employ the contraction mapping 
principle, which finally shows existence of a time-periodic solution to the 
nonlinear problem (4.1). 


4.1 The Resolvent Problem 


In order to find a solution to the nonlinear problem (4.1), in this section 
we investigate the resolvent problem 


w(ikv +e; AUV-eıaz-Vv)-Av-Adv+Vp=F ind, 
divv=0 inQ, (4.4) 
v=0 ondQ 
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for k e Z. At first, we examine this problem together with the time- 
periodic problem (4.2) in the whole space 2 = R”, where we employ a 
suitable coordinate transform, which reduces (4.2) to a time-periodic Os- 
een problem without rotation terms. Subsequently, we proceed with the 
study of the resolvent problem (4.4) in an exterior domain, and establish a 
uniqueness result and suitable a priori estimates. After showing existence 
of a solution in an L? framework, we combine the previous results and 
show well-posedness of problem (4.4). 


4.1.1 Well-Posedness in the Whole Space 


Before studying problems (4.2) and (4.4) in an exterior domain, we first 
consider the case Q = R°. This setting has the advantage that one can 
change coordinates back to the non-rotating inertial frame, which reduces 
the study of (4.2) to an investigation of the time-periodic Oseen problem 
without rotation terms, which has been examined in Section 3.2. For the 
rest of this section, we set 


2q 


4q 
= 59 = 
dog’ 2 


S LA 
4- 3° 


S1 ` = g- q 
for appropriately fixed q. These numbers will occur frequently. Recall 
that throughout this chapter, we consider the torus group T = R/27Z. 
The following theorem is concerned with well-posedness of the time- 
periodic Oseen problem in the whole space. Observe that the constants 
appearing in the a priori estimates can be chosen independently of A and 
w as long as the ratio A?/w is bounded by some prescribed constant 6 > 0. 


Theorem 4.1.1. Let q € (1,2) and à, w, 0 > 0 with A? < 0w. For every 
f ¢ L9(T x R)3 there exists a solution (u, p) € Z'(T x R?)’*! to 


wôð;u —- Au —- ðu + Vp= f inTxR?, 
divu=0 inTxR?, 


(4.5) 


with ôu, V?u, Vp € LY(T x R), and constants C3, = C31(q) > 0 and C32 = 
C32(q,0) >0 such that 


[V° Pulg + MAP ula + A? Pulls, 
A VPuls + |VPpla < Cail P Fla 


and 


w|APrullg + [V° Prula + Ald Prula + IVPıplasC|Piflo- (4-7) 
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Additionally, if (w,q) € Z'(Tx R?)’*! is another solution to (4.5), then 
Pu=P,w, and Pu-Pw is a polynomial in each component, and p-q = Po, 
where po(t,:) is a polynomial for each te T. 


Proof. We decompose (4.5) into a steady-state and a purely periodic prob- 
lem by splitting u = uo + u, and p = po + p, with 


ug = Pu, Po = Pp, u = Pu, Pı = Pip. 


For the steady-state part (uo, Po) we obtain the steady-state Oseen system 


-Auo = Auo + Vpo = Pf in R3, 
divw=0 in R. 


The existence of a time-independent solution (uo, po) satisfying estimate 
(4.6) follows from [42, Theorem VII.4.1]. The remaining purely periodic 
part (u,,p,) must solve (4.5), but with purely periodic right-hand side 
Pf. We define 

U(t, 2) = u,(t,w 2), 

P(t, £) = wl? pi (t,w 2), 

Flt,2) =w P, f(tw Pe), 


which leads to the system 


0,U - AU -X0,U + VBR=F in Tx R, 
divU=0 in TxR’, 


where À = Aw-!/2. From Theorem 5.2.6 in the following chapter, we con- 
clude the existence of a unique solution (U, 8) that satisfies the estimate 


[2U la + [VPU la + [AAU la + IVBla < POF la, 


where P:R > R is a polynomial in À and can thus be bounded uniformly in 
À e (0, V8]. Estimate (4.7) with the asserted dependency of the constant 
Cə follows after reversing the applied scaling. The remaining uniqueness 
statement is a direct consequence of Lemma 5.2.5, which is established in 
the next chapter. 


Remark 4.1.2. In the setting of Theorem 4.1.1 we can write the estimate 
for the steady-state part (uo, Po) = (Pu, Pp) and the purely periodic part 
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(u,,pı) = (Piu, Pip) in a more condensed way: From the embeddings 
established in Theorem 2.3.9 we deduce 


wu went as) + 28 | Ve lien) 
< Oz (wu, |LacrxR3) + vu, Irecr«e3) )- 
Recalling Remark 2.3.10, we see that (4.6) and (4.7) can be formulated as 


wlörula+ [Vula + Alula +à? lu 


+ A|| Vu 


L52 (T;L°1 (R3)) 
Lsa (T;L*2(R3)) + ||Vp]la < Coal flag 


(4.8) 


for a constant C34 = C34(q,0) as long as A? < Ow. 
With Theorem 4.1.1 we now solve the linear problem (4.2) for Q = R3 
and fe L4(T x R*)? by a suitable change of coordinates. 


Theorem 4.1.3. Let q € (1,2) and À, w, 0 > 0 with A? < Ow. For every 
fe L9(T x R)? there exists a solution (u,p) € A(T x R?)’*! to 


ua in T x R, 


divu=0 in TxR’, 


with 
ðu +e; Au—e, ^T: Vu, Vu, Hu, Vp € LI(T x RÌ). 


Moreover, there exists a constant C35 = C35(q,0) > 0 such that 


w|löru +e; AU- e1 AX: VullLa(TxR?) og |V ultar) 


era) + A] Vullsenueen (4-10) 
+ |VPpl|veensrs) < C35 | f|tecr«R3)- 
Additionally, if (w,q) € Z’ (T x R?)’*! is another solution to (4.9) with 


wel’(TxR?) for some r €[1,0), then u = w, and p- q = qo for some 
spatially constant function qo:T > R. 


Proof. Let 


+ AllðrullLacrxr) + A12 lu 


1 0 0 


Q(t)=|0 cos(t) -sin(t) 
0 sin(t) cos(t) 


be the matrix corresponding to the rotation with angular velocity e,. De- 


fine 
U(t,y) = Q(t)u(t, Q(t) 'y), 
P(t, y) = p(t, Q(t)"y), 
F(t,y) = Q(t) f(t, Q(t) y) 
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with the new spatial variable y = Q(t)x. Then u, p and f satisfy (4.9) if 
and only if 


divU=0 in TxR’. 


~ -AU-AHU+VB=F inTxR?, 


A short calculation shows 
U(t, y) = Q(t) (O,u(t, x) + e1 Au(t, 2) - e1 Ax Vu(t,x)), 


and the assertions of Theorem 4.1.3 are now a direct consequence of The- 
orem 4.1.1 and estimate (4.8). 


Remark 4.1.4. As for the corresponding steady-state problem (see [42, 
Theorem VIII.8.1] for example), one can extend Theorem 4.1.3 to the 
case of an exterior domain Q for f € L¢(T x Q). However, it is not clear to 
the author whether or not the constant in the resulting a priori estimate 
can then be chosen independently of A and w. Observe that such an 
independence is obtained in the functional setting of Theorem 4.2.5 below, 
where f e A(T; L9(Q)). Since we solve the nonlinear problem (4.1) via a 
fixed-point iteration that requires A and w to be chosen sufficiently small 
since they appear as data on the right-hand side, it is crucial to obtain an 
estimate where the constant is independent of A and w. 


From Theorem 4.1.3 we can extract a similar result for the resolvent 
problem (4.4) in the whole space. For this, we identify solutions to the 
resolvent problem with Fourier modes of time-periodic solutions. 


Theorem 4.1.5. Let ge (1,2), ke Z and àA, w, 0 > 0 with 2 < @w. For 
every F € L4(R*)? there exists a solution (v,p) € Z'(R?)’*! to 


w(ikv +e; ^v -e Ar: Vv) - Av-Adv+Vp=F in R, (4.11) 
divv=0 in R, 
and a constant Cse = C36(q,0) > 0 with 
wiliku +e, Av = e az - Vol, + | Vol, + Alaw] (4.12) 


+ AP vls, + A] Volls + Vella < Cool Fla: 


Additionally, if (w,q) € Z/(R?)°*! is another solution to (4.5) with w € 
L’(N) for some r €[1, 00), then v= w, and p-q is constant. 
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Proof. First consider a solution (v, p) in the described function class. Then 
the fields 


u(t, z) = eMule), p(t, x) z e™t p(x), f(t,2) = EHRE), 


satisfy (4.9). Therefore, uniqueness of the pair (v,Vp) follows from the 
uniqueness statement in Theorem 4.1.3. To show existence, let F € L7(R?) 
and define fe L4(T x R*) as above. Theorem 4.1.3 yields the existence of 
a pair (u,p) that solves (4.9). Then the k-th Fourier coefficients v(x) := 
Fy[u(-,x)](k) and p(x) = Fy_[p(-, x) ](k) satisfy (4.11) and belong to the 
correct function classes. Moreover, estimate (4.12) is a direct consequence 
of (4.10). 


4.1.2 Uniqueness for the Resolvent Problem 


Now we begin with the investigation of the resolvent problem (4.4) in an 
exterior domain Q. To show a uniqueness result, we multiply (4.4), with 
the considered velocity field and employ integration by parts. To justify 
the integration, we first have to obtain better regularity of the solution. 
To this end, we use a cut-off procedure to decompose the solution into one 
part in a bounded domain and a second part in the whole space, where 
the necessary regularity results are available. 


Lemma 4.1.6. Let A> 0, w>0, keZ, and let (v,p) be a distributional 
solution to (4.4) with F =0 and V?v, ðv, Vp € L4(Q) for some q € (1, 00) 
and veL’(N) for some se (1,0). Then v =0 and p is constant. 


Proof. Consider the case A > 0 at first. Fix a radius R > 0 such that 
OBr c Q, and define a cut-off function yo € CZ (R°) with xo(z) = 1 for 
|z| < 2R and yo(x) = 0 for |z| > 4R. Set 


w= xov- Blv-Vxo), q= XoP (4.13) 
where B denotes the Bogovskii operator from Theorem 2.4.2. Then 


-Aw+Vg=h in Qur, 
divw=0 in Our, 
w=0 on ONAR, 
with 
h := xo( - w(ikv +e, Au-e1 Ax: Vv) - Adıv) 
- 2Vxo: VV - Axov + Vxop + AB(Vxo:v)- 
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From the assumptions, we obtain v €e W2-4(Qar) and pe W'4(Q4R). Clas- 
sical Sobolev embeddings imply v, Vv,p € L29(Qup). Taking into account 
the mapping properties of B from Theorem 2.4.2, this implies h € L’(Qur) 
for all 1 < r < 2q. From Theorem 2.4.5 we obtain w € W2"(Q4p) and 
VqeL"(Q4R). Since v = w and p= q on Or, this yields 


(v, p) € W®™ (Qar) x We" (Qar) (4.14) 


for alll<r< 3q. 
Next consider another cut-off function xı € C” (R3) with xı(z) = 1 for 
|z| > 2R and xı(x) = 0 for |z| < R. As above, we define 


u=xıU - B(v-VXx1), p = Hid, (4.15) 


which satisfy the system 


Pe Au-e1AXz-Vu)-Au-Adhu+Vp=f in R’, 


divu=0 in R, 


with 
f = wleı ^ar: Vxı)v -2Vx1- Vu 
- Axıv + Að Xw + Vxıp + AB(v- Vxı) +A9ıB(v-Vxı) 
- w(ikB(v -Vx1) +e, AB(U-Vx1) -e1 Ar: VB(v- Vx1))- 


As above, we see f € L’(R*) for all 1 < r < 3g. Since we also have 
u € L§(R?), Theorem 4.1.5 implies 


iku +e, ^u -e1 ^2: Vu, Vu, du, Vp € L"(R°), 


Vue Lever) R3), Ue Let R3) 


if additionally r < 2. Due to v = u and p = p on B?R, we have 


ikv +e, Av -61 A£: Vv, V?v, Av, VpeL’(B?R), 


Vue Love CB). ve Lee) (B28) (4.17) 


for 1<r< 3q with r <2. 
We combine (4.14) and (4.17) to deduce 


iku +e; Au -e1 Ax: Vv, Vv, Ov, Vp € L (Q), 
Yve HH), ve 1720) 
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for 1<r< łq with r < 2. After repeating the above argument a sufficient 
number of times, we obtain 


Vre(1,2): ikv +e ^v -6&1 ^z: Vu, V?v, dv, Vp € L’(Q) (4.18) 

and, by a combination with the Sobolev inequality, 
Yre (5.6): wreir(g); re): sein): (4.19) 
In particular, using the divergence theorem and v = 0 on O2 we obtain 


Re f (e1 Ar Vu):u* de= f Z div [(e1 ar)|ol] dz 
QR 


OR 
1 1 
= T „(ei xx) -nju dS = i 5 (en az) ¢R |v)? dS = 0 
NR OBR 
for any R> 0 with Bg c Q. Passing to the limit R > oo, we obtain 


Re fi Ax: Vu)-u" dx =0. (4.20) 
Q 


Next consider a family of cut-off functions x, € C (R3) with x(x) = 1 
for |x| < p and xo(x) = 0 for |z| > 2p such that 0 < xp < 1 and |V xol < co/p. 
Let p > 6(Q°). From (4.18) and (4.19) we deduce v - v* € LI(Q), and 
integration by parts and Hölder’s inequality En 


re f Xp: V * da] = of Xð lul? dz| = alf Axa ae dz] 


1/5 
C = 
| y 1dr} lol? < c20” lola 


B2p\Bp 


Due to (4.19), the right-hand side is finite, and by passing to the limit 
p > oo, we obtain 


Re f awo dz = 0. (4.21) 
Q 


By (4.18) and (4.19), we can further multiply (4.4); by v* and integrate 
over Q. Utilizing the identities (4.20), (4.21) and Re(e; Av-v*) = 0 and 
integrating by parts, we conclude 


0=Re f (wliku +61 av -e1 az: Yu) - Av + Aw + Yp) v" de 
Q 


-Re f iwhlvl?+|voP de = f Ivoßde. 
Q Q 
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This implies Vv = 0, and the imposed boundary conditions yield v = 0. 
Finally, (4.4); leads to Vp = 0. This completes the proof in the case A > 0. 
The proof for À = 0 can be shown in a similar way. 


4.1.3 Resolvent Estimates 


Next we establish an a priori estimate for the solution to the resolvent 
problem (4.4). The following lemma is the first step into this direction. 
Observe that the right-hand side of estimate (4.23) below still contains 
lower order terms. For its derivation, we use a cut-off argument as in the 
proof of Lemma 4.1.6. Note that, as explained above, we have to keep 
record on the influence of the parameters A and w. 


Lemma 4.1.7. Let ge (1,2), ke Z and A, w, 0 > 0 with A? < 0w. More- 
over, let Fe L9(Q)3 and R> 6(°). Let (v,p) € LE (N)’*! with 


loc 


iku +e, Av -e, An: Vv, Vu, Ov, Vpe L4(Q), 


veL(Q), Vue L(Q) 2 


be a solution to (4.4). Then there is a constant C37 = C37(Q,q,0, R) > 0 
such that 


wlikv +e, Av -eı az: Vull + [Vula 
+ Allörolla + AP lols +41 Vall + Vella (4.23) 
< Cor( |F la + (1+ A + w) lol agar + wlk lol-ıa0.r + Plar) 


Proof. Let Xo, xı be the cut-off functions from the proof of Lemma 4.1.6. 
Define w = xov and q = Xop. Then we W?4(Qur), ge W'4(Q4R) and 


ikww-Aw+Vq=h in Qur, 
divw=g in Our, 


w=0 on NAR 
with 
he (F -wle Au-eı Ax: Vu) - NOV) Xo — 2V Xo : VV — Ayou+ Vxop, 
g`=v: VX. 


Therefore, (w,q) satisfies a Stokes resolvent problem in the bounded do- 
main Our, and Theorem 2.4.5 implies 


|v lo¢:01n aa [Valar £ co(|Rlanız as IV ollqcur T RR 
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where |: [7 „.n,, 18 defined in (2.11). By Hölder’s inequality and Proposi- 
tion 2.4.3, we obtain 
Irlasın + Volar < (IF la + (1 +A+w)lolranen + lolam) 
ra < C2 leer 
Since v = w and p= q on Or, we thus conclude 
[vlz atr + Vpl 
< c(| Fla + (1 +A + Ww)lolanın + lPlatr + wlk lol-igr) 


Next define (u,p) as in (4.15), which satisfies the system 


(4.24) 


w(iku +e ^u- & ^z: Vu) - Au- ðu +Vp=f in R, 
divu=0 in R, 


with 
f = xıF -wle nr: Vxı)v - 2Vxı: Vu- Axıv + A0 XV 
+ Vxıp- AB(v- Vxı) +AHB(v-Vxı) 
+ w(ikB(v -Vx1) te, AB(U-Vx1) -e Ar: VB(v- Vx1)); 


where B is the Bogovskii operator; see Theorem 2.4.2. Theorem 4.1.5 and 
the mapping properties of the Bogovskii operator from Theorem 2.4.2 and 
Corollary 2.4.4 lead to the estimate 


wliku +e, Au-e, az : Vulg + |V7ull, 
+ Allðrula + A *] Vals. + AY? Jules + IV Pla 
< a(l Fla + (1+ A+) ful octon + [Plasto + wlRllvl-1a022)- 
Due to v = u and p = p on 7", this implies 
w|ikv + e1 Av -eı Ax: Voll.oer + |V vigor 
+ Orvlgcan + A] Vol scan +! fol, mon + |Vplaoae 
< e(l Fla + (1+ A+w)]olı,a02r + [Placer + wlRllvl-ıa022)- 


Combining this estimate with (4.24), we conclude (4.23). 


In the next step we improve estimate (4.23) by showing that the lower- 
order terms on the right-hand side can be omitted. This leads to the 
desired a priori estimate, where only the data F appear on the right- 
hand side. For the proof we use a classical contradiction argument. Note 
that, because we need a constant that is independent of the parameters 
k, A and w, this argument is more involved than in the classical case. 
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Lemma 4.1.8. Let q € (1,2), ke Z and A, w > 0, and let F € L9(Q)3. 
Let (v,p) € Ly (Q)3*! be a solution to (4.4) in the class (4.22). Then the 
estimate 


w|ikv +e, av = e az: Volg + [Vv] + Allvl 


(4.25) 
+ AP lols + AMA Vols + Vella < Casll F la 


holds for a constant Css = C38(9,q, A,w) >0. If qe (1,3) and à? < 8w < B 
then this constant can be chosen independently of A and w such that C3g = 
C3s(9,q,0, B). 

Proof. We prove the lemma by a contradiction argument. At first, con- 
sider the case q € (1,2) and assume that (4.25) is not valid for a con- 
stant C38 = C38(9,q,0, B). Then there exist sequences of numbers (A;) € 
(0, VB], (w;) c (0, B/0] with A? < Ow;, and (kj) c Z, and of functions 
(vj), (p;), (Fj) that satisfy 


lim |F5|a > 0, (4.26) 
j>» 
i 2 
wjllikjv; + e1 Av; — e1 az - Vojla+ |V vla 


uz T (4.27) 
+r; + AP lojller +A Iols + [Vlg = 1, 


and 
w;(ik;v; + e Av; - e1 Az: Voj) - Av; - Adv; + Vp; = Fj ing, 
divv;=0 inQ, (4.28) 
v;=0 on OQ, 


for all j € N. Furthermore, without loss of generality, we may assume 
Jon Pi dx = 0 for a radius R > 6(°). Then, (A;), (wj) and (k;) contain 
convergent subsequences with limits A € [0, VB], w e [0,B/6] and k € 
ZU {+00}, respectively, such that A? < @w. For simplicity, we identify 
selected subsequences with the actual sequences for the rest of the proof. 

For the moment, fix a radius p > R. By equation (4.27), the sequence 
(v;) is bounded in D?-4(Q,). Due to (4.28); and the generalized Poincaré 
inequality from Proposition 2.3.3, the sequence (v;) is also bounded in 
W?7(Q,,). Moreover, this fact and the estimate 


|iw;k;v; lao, < Wj likjv; + ey AU; —eı AX: vv; Peer + Cow; (1 + p) lo; liao, 


together with (4.27) show that the sequence (iw;kjv;) is bounded in the 
space L4(Q,). Furthermore, by (4.27) and Poincaré’s inequality, the se- 
quence (p;) is bounded in Wt4(Q,). In summary, we conclude that 
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U; = (iw;kjv;,v;,p;) is bounded in L9(Q,) x W29(Q,) x W49(Q,) for 
any p > R. Hence, by a Cantor diagonalization argument, there ex- 
ists U = (w,v,p) such that a subsequence of (U;) converges weakly in 
L°(9,)x W2-4(Q,) x W14(Q,,) to U for each p > R. Consequently, passing 
to the limit j > oo in (4.28) and using (4.26), we obtain 


w+w(e,Av-e, Ar: Vu) - Av- ðw +Vp=0 ind, 
divv=0 inQ, (4.29) 
v=0 on OQ. 


Moreover, by the compact embeddings 
W4 (Nar) > W (Qar) > L4(Qar) > W™ (Oar), 


we deduce that U is the strong limit of (U;) in the topology of the space 
W-14(Qar) x Wba(Our) x LI(Q4r). By Lemma 4.1.7, we conclude 


Wj likjv; Tei AU; —eıNT- VU; la + |v?v; a 
1/2 1/4 
+ A;lörvzla + AP lola +A; VV; so + Ville 
< Car(|Fillg + (1+ A; + 4) losl gear + olks lojll-teoan + IPillanır)- 


Passing to the limit j > oo in this estimate, we conclude in virtue of (4.26) 
and (4.27) that 


1 <Oor((1+A+w)lolignen + wlan + Ilan) (430) 
Moreover, this implies 


[w + w(eı av - e1 ^g Vv) lq + Vlg + AAW, 


4.31 
+ MP lulls, + 2%] Vols + [Vella < o. i 


Now we distinguish between several cases: 


i. If wk; > s € R and w = 0, then A = 0 and w = isv, so that (4.29) 
reduces to a Stokes resolvent problem. If s + 0, we also have v € 
L7(Q) and we conclude v = Vp = 0 from a well-known uniqueness 

3 


result; see for example [33]. If s = 0, we utilize that q < 5 and 


vj € L (Q), Vu; € L*(Q), so that Sobolev’s inequality implies 
lölaans-2o) < Call Ve; sq/3-a) < Cel Vvs la 


and thus v € L°4/(3-22)(Q). Now v = Vp = 0 follows from Lemma 
3.1.3. 
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ii. If wk; > s € R and w + 0 but A=0, then k; > ke Z and w = iwkv, 
so that (4.29) reduces to the resolvent problem (4.4) with A = 0. 
As above, we deduce v € L34/(@-29)(Q), and from Lemma 4.1.6 we 
conclude v = Vp = 0. 


iii. If wj;k; > s € R and w + 0 and à +0, then kj > k € Z and w = iwkv, 
so that (v, p) satisfies the resolvent problem (4.4). Since A # 0, from 
(4.31) we obtain v € L (Q). Lemma 4.1.6 thus implies v = Vp = 0. 


iv. If w;|k;| > 00, we recall (4.27) and estimate 
wlkjlvjlan, < wslikjvz + e1 AU; = e1 ^z: Vusla, + Calloglian, < cs, 


for any p > R, where the constants c3 and c4 depend on p but are 
independent of v;. Passing to the limit j > œ, we thus obtain v = 0 
on Q, for each p > R. Therefore, v = 0 on Q, and (4.29); reduces 
to w+ Vp = 0. Clearly, we also have divw = 0 and wlan = 0, so 
that w + Vp = 0 corresponds to the Helmholtz decomposition of 0 in 
L?(9). Since this decomposition is unique, we conclude w = Vp = 0. 


Consequently, all four cases lead to w = v = Vp = 0, which contradicts 
(4.30). This completes the proof in the case 1< q< 3. 

In the more general case q € (1,2), where we do not assert the constant 
Cg to be independent of A and w, these parameters remain fixed in the 
contradiction argument. Consequently, only the last two cases above have 
to be considered. Since the conclusion in both of these cases is valid for 
allge (1,2), we conclude the lemma. 


4.1.4 Existence of a Solution 


After having established a uniqueness statement and suitable estimates, 
it remains to show existence of a solution to the resolvent problem (4.4). 
To this end, we employ a Galerkin approach combined with an “invading 
domains” technique to obtain a solution in an L? framework. 

More precisely, we proceed as follows. We intersect the exterior domain 
Q with balls of radius Br. On the resulting bounded domain Qr, we can 
select eigenfunctions to the Stokes operator, which we take as a basis for a 
Galerkin approximation and lead to a strong solution in Qg. Subsequently, 
we pass to the limit R > oo, which finally yields a solution in the exterior 
domain Q. Observe that in order for this approach to work, we need 
to derive suitable a priori estimates that are valid independently of R. 
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However, in contrast to Lemma 4.1.8, here it is not necessary to examine 
the dependencies on k, A and w. 
During our approach we make use of the following identity. 


Lemma 4.1.9. Let Q c R”? be an exterior domain of class C?, and let 
R>6(9°%). Let we L2(QR) We? (Qe) NW22(QR) with complex conjugate 
u*. Then ey ^u -e1 Ax: Vue L2(Qp) and 


i (eıau-eı Ax: Vu): PyAu* de 
QR 


1 

= i zlvulteı ax) n-n-Vu*- (eı Ax: Vu) dS - V(eı Au) : Vu” da. 
an Or 

Proof. This was proved in [52, Lemma 3] for real-valued functions u and 

simply carries over to complex-valued functions by a decomposition into 

real and imaginary parts. 


Next we introduce a basis of functions suitable for our Galerkin method. 


Lemma 4.1.10. Let D be a bounded domain of class C?. There is a 
sequence of (real-valued) eigenfunctions (W;)jen of the Stokes operator A, 
defined in (2.16), and a sequence (uj)jen € (0,00) of eigenvalues such that 
(w,;)jen constitutes a basis of both dom(A) and L2(D) and 


m J bj Veda = ó (4.32) 
D 


Proof. Since A is a positive self-adjoint and invertible operator, the exis- 
tence of positive eigenvalues and corresponding eigenfunctions that con- 
stitute a basis of dom(A) and an orthonormal basis of L?(D) follows from 
classical spectral theory; see [100, Theorem VI.5.1] for example. Finally, 
by a renormalization we conclude (4.32). 


Remark 4.1.11. Observe that (4.32) means that (qj) jen is an orthonormal 
set in Wo (D) equipped with the homogeneous norm lli since 


m f vj-vede=- f Pay pede= f Vy: Vhede. 
D D D 


Making use of this basis, we next show existence of a solution to system 
(4.4) by means of a Galerkin method. Note that a basis of eigenfunctions 
as in Lemma 4.1.10 does not exist in an exterior domain. Therefore, we 
consider (4.4) in a suitable bounded domain at first. 
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Lemma 4.1.12. Let Q c R? be an exterior domain of class C3. Let 
A,w>0, ke Z, and let Fe L2(Q)3 n L9/5(Q)3. For each R, Ro > 0 with 
R > Ro > 6(N°), there exists a solution (vR,p*) = (v,p) to 


w(ikv +e; ^w -e Ax: Vu) - Av-Ad\wu+ Vp =F in Ore, 
divv=0 in Qp, (4.33) 
v=0 ondQr 
satisfying 
lvllsoz + [Volar + |V vlnr + wlikv +e, Av -61 ^T: Vull2.0n 
< Cy9(||F lesion + IF lon) 
for a constant C39 = C’39(n,Q,k,A,w, Ro) > 0 that is independent of R. 


Proof. Let (qj) jen and (1; ) jen € (0, 00) be as in Lemma 4.1.10 for D = Nr, 
and consider the set Xn = spanc 1%; | i inh. At first, we construct 
a function u =u, € Xn satisfying 


(4.34) 


[ [w(iku +e, Au-e1 Ar: Vu) - Au- Ou] -jde = T F-yjdx (4.35) 


QR QR 
for all j € {1,...,n}. Note that these are linear equations in the finite- 
dimensional vector space Xn. Since u € Xn, there exist € := (&,.:.,&n) €C 
such that 2 
u= >) Eve. 
ee 


Observe that the orthogonality relation (4.32) and %; € L2(Qp) yield 


i Ade; daz = J —PyAye: Yj daz = i Mee: Yj dx = ôg. 
OR OR OR 
Therefore, with the above representation of u, the system of equations 
(4.35) reduces to the algebraic equation 
(T+iM)E=b (4.36) 
with M = (Mg) € C™*" and b= (b,) € C” defined by 


Mge; = i (wkwe — tw(e Awe — €1 AX: Vee) + id Ve) “yj de, 


QR 


b= | F-yjde. 
OR 
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Employing the vector identities 


e1 Ae Wy = -e1 Ab; Ve, e1 Ax: Vue = div [We @ (e1 ax) | 


and integration by parts, we see that M is a self-adjoint matrix and thus 
possesses only real eigenvalues. Since equation (4.36) is equivalent to 
(-iI + M)E = -ib, we thus obtain a unique solution € € R”, which leads to 
existence of a unique solution u = un) € X„ to (4.35). 

Next we derive suitable estimates for u = u,. Multiplication of both 
sides of (4.35) by the complex conjugate coefficient €; and summation 
over j =1,...,n yields 


[Vul + f (w(iku+ ey au-erax-Vu)- du) ude =f F-u* de. 


OR OR 


Employing the above vector identities again, we see that the integral term 
on the left-hand side is purely imaginary. Taking the real part of this 
equation thus leads to the estimate 


Ivuls < IFlssslule- 


Recalling the Sobolev inequality |w|s < col] Vull2, we obtain the estimate 
|| Vull2 < col] Fey; and conclude 


Jule + [Vul < all Flos, (4.37) 
where cı is independent of R. When we multiply both sides of (4.35) by 
j£; and sum over j = 1,...,n, we obtain 

|PuAulls = [ [F - w(iku +e, Au-e, Ax: Vu) + Au] -PıAu” da. 
QR 
Taking the real parts of both sides, observing that 
Re f iku-PyAu* dx = -Re(ik|vul3) = 0, 
QR 
and using Hölder’s inequality, we conclude the estimate 
|PuAdulz <(|F]2 + Al Arull2)|PuAuls 
+ Re K w(e; Au-e, Ax: Vu): PpAu* dz. (4.38) 


OR 
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In view of the identity from Lemma 4.1.9, we can estimate the remaining 
integral on the right-hand side to obtain 


Re f w(eı au-e Ax: Vu): PyAu* dz < c(| Vula + Vula) 
QR 
with c2 independent of R. Employing the trace inequality from Theorem 
2.3.2 on the domain Qr,, we further estimate 
Re J wey Au-e, Ax: Vu): PyAu* de < c3| Vulia + ElV ular 
QR 
for c3 dependent on € > 0 but independent of R. We estimate the second 


term on the right-hand side with the help of Lemma 2.4.7 and deduce 


Re J w(eı Au-eı Arc: Vu) PyAu* dx 
OR 
< (c3 + ca) ||Vull.o, + Eca Pursula 


with a constant c4 > 0 independent of R and e. Combining this estimate 
with (4.38) and choosing e sufficiently small, we obtain 


|PaAul < cs(lF l2 + |Vull2)||PuAulle + col Vul. 
Employing Young’s inequality and estimate (4.37), we arrive at 
|PuAulloog < e(l Fl + |Fllejs): 


Using Lemma 2.4.7 and estimate (4.37) once again and restoring the orig- 
inal notation, we end up with 


|V?un|a0r < cs(|Fl2 + I F'lles) (4.39) 


with cg independent of R. 

In particular, we see from (4.37), (4.39) and Poincaré’s inequality that 
(un) is uniformly bounded in W22(Qp) and thus contains a subsequence 
that converges weakly to some function v € L(OR)NWI  (OrR)NnW2? (Qp), 
which obeys the estimate 


lvlen + |volnzor < co( IF los + IF lle) (4.40) 


with cg independent of R. Moreover, since (y;) is a basis of L2 (Qpr) and 
v satisfies (4.35) for all j € N, we obtain the identity 


Pulw(ikv +e, AU-e1 Ax: Vu) - Av- Adıv) = Pu F. 
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By the Helmholtz-Weyl decomposition (Theorem 2.4.1), there exists p € 
W!2(Qp) such that 


w(ikv +e; Av-e, Az - Vu) - Av- Adu + Vp=F in Or. 


In particular, since v € L2(QR) n Wo” (Dr), the functions v and p satisfy 
(4.33). Since e; Av-e; Az- Vv € LZ (Qpr) by Lemma 4.1.9, from this equation 
and (4.40) we further deduce the estimate 


wlikv + e1 Av = e1 az - Vull = w||Pu(ikv + e AU- e ag: Vv)|, 


< | PaF 2 + |PuAvla + Al Paola < cro(|F loys + IF lz) 


by continuity of the Helmholtz projector. Combining this estimate with 
(4.40), we conclude (4.34). 


In order to obtain a solution to the resolvent problem (4.4) in an exterior 
domain, the idea is to pass to the limit R > oo in Lemma 4.1.12. To make 
this approach rigorous, we first have to employ a suitable cut-off argument. 


Lemma 4.1.13. Let Q, X, w, k, F be as in Lemma 4.1.12. Then there 
exists a solution (v, p) to (4.4) with 


ikv +e; ^v- e AT: Vv, Vv, Vv, Vpe L’ (Q), v e L§(Q). 


Proof. Consider a standard cut-off function x € C% (R; [0,1]) with x(s) = 
1 for |s| < 1/2 and x(s) = 0 for |s| > 3/4. For m € N with 2m > 6(°) define 
Xm € CF (R”) by xm(x) = x(|x|/m). Then we have 


3 
Xm(2) = 1 for [el< Č, Xm(2) =0 for [al > =, 
C C 
na, |V? Xml < 5; 
m m 


where the last estimate follows from supp VXm € Am ‘= Bm \ Bmj2. Define 
wW” = Xmu”, where v™ = v? is the velocity field from Lemma 4.1.12 with 
R= m. Then w™ is an element of W??(Q), and |w lg < |v”||s- Hölder’s 
inequality further yields 


|vw"|2 < co( Vo alx + voll VXmll3:Am ) 
< c(| Vv" l2 + ul), 


[vw 2 < cal] V70™ all Xmlo + Ivo” la] VXmlloo + le” lelV’Xmla;An) 


< c(| Vv" l2 + Vu 2 + lo” ls). 
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Moreover, by VX¥m() = x (|e|/m) we have 


u 
mz]? 
e1 AT: VW" =e, AT- VU” Xm + er AT: VXmU™ = 1 AT VU" Xm; 
from which we conclude 
ikw” + eı Aw” -eı Ax-Vw™|lo < iku” + ey AU” -— e1 az - Vu™ |o. 
Combining the above estimates with (4.34), we deduce 


Jw le + [Vw lo + |V w]e + wlikw™ + eı Aw” - e1 az : Vw” |a 
< ¢6(I|Flojs + IF.) 


with cg independent of m. This implies the existence of a subsequence of 
(w™), still denoted by (w™), that converges in the sense of distributions 


to some function v € wr”(0) that satisfies 


[vle + [Vole + IV?olz + wlikv + e1 av - e1 az : Vule < Cao(l| Flloys + | F'l2). 


Moreover, vlag = 0. Let pe CH (Q) and choose mo € N such that supp y is 
contained in Qm,/2. For m > mo we have w™ = v™ on Qmo/2 and thus 


f wr-vede= f o™-vedr=0 
Q Q 


by (4.33)2. Passing to the limit m > oo, we conclude div v = 0. Now let 
Y € CR, (Q) and choose mo such that supp Y € OQmo/2. With the same 
argument as above, for m > my we obtain from (4.33), that 


J (w(ikw™ +e, Aw" -eı An: Vw”) - Aw” - A0,w™ - F) da 

Q 

= f (wliku +01 20" -e an: Yu) - Av” - Ad" - F) Yde =0. 
Q 


Therefore, by passing to the limit m > oo, we see 


J (w(ikv + e1 ^v -e1 nz: Vu) - Av- Au - F) -wdz =0 
Q 
for all Y € C (Q). Consequently, by the Helmholtz-Weyl decomposition 


in L?(Q), there exists a function p € D!(Q) such that (v, p) is a solution 
to (4.4). This completes the proof. 
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4.1.5 Well-Posedness 


Combining Lemma 4.1.6, Lemma 4.1.8 and Lemma 4.1.13, we conclude 
the following well-posedness result for the resolvent problem (4.4). For 
the proof we first consider smooth data F, for which we obtain a solution 
in an L? framework by Lemma 4.1.13. Subsequently, we show by another 
cut-off argument that this solution belongs to the function space defined 
by the left-hand side of the resolvent estimate (4.25). Finally, a classical 
density argument yields a solution to (4.4) for general data Fe L4(Q). In 
total, we obtain the following result. 


Theorem 4.1.14. Let Q c R? be an exterior domain of class CÌ. Let 
qe(1,2), keZ and à, w, 0, B>0 with X< dw < B. For every F € L9(Q) 
there exists a solution (v, p) € W24(0)3 x WIN) to the resolvent problem 
(4.4) subject to the estimate 


w|ikv +e aw - e AX- Volla + [V vla + Alw] (4.41) 
+ AP Jule, + M4 Vol + [Vella < Caol Fla 


for a constant Cg = Cyo(Q, q, à, w) > 0 and sı = 2q/(2-¢), s2 = 4q/(4- q). 

Additionally, if (w,q) is another solution to (4.4) in the function class 
defined by the norms on the left-hand side of (4.41), then v = w, and p-q 
is a constant. 


Moreover, ifqe (1, 3), then the constant C'49 can be chosen independently 
of X and w such that Crp = Cap (Q, ¢, 9, B). 


Proof. The uniqueness statement is an immediate consequence of Lemma 
4.1.6, and estimate (4.41) has been proved in Lemma 4.1.8. It thus remains 
to show existence of a solution for Fe L4(Q). 

At first, let F € C (Q), and let (v, p) be the corresponding solution to 
(4.4) that exists by Lemma 4.1.13. We first show that then (v, p) belongs 
to the correct function class. By Hölder’s inequality, we directly find that 


ve W24(Q,), pe WQ) (4.42) 


for any p > Randall q € [1,2]. Repeating the cut-off argument from (4.15), 
we obtain a solution (u,p) to (4.16) for some function f € L?(R*) with 
compact support. In particular, this implies f € L’(R?) for all q € (1,2). 
Theorem 4.1.5 yields existence of a solution to (4.16) satisfying (4.12). 
Since u € L°(R*), Theorem 4.1.5 further ensures that (u,p) coincides with 
this solution up to an additive constant for p. We thus have 


iku +e, ^u -e1 ^£: Vu, Vu, du, Vp € LI(R°), 


ue ID (R3), Vue LAN (R3). 
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Since v = u and p = p on B?*, the integrability properties above in com- 
bination with (4.42) show that v and p belong to the correct function 
spaces. 

Now consider general F € LI(Q) and a sequence (F;) c C (Q) that 
converges to F in L?(N). As seen above, for each j e N there exists 
a solution (v,p) = (v;,p;) to (4.4) with F = Fj, which obeys estimate 
(4.41). Additionally, this implies that (v;,Vp;) is a Cauchy sequence in 
the function space defined by the norm on the left-hand side of (4.41), and 
thus possesses a limit (v, Vp), which satisfies the resolvent problem (4.4) 
and the resolvent estimate (4.41). 


Remark 4.1.15. Note that for k = 0 we recover the well-known L? theory 
for the corresponding stationary problem; see [42, Theorem VIII.8.1] for 
example. 

Remark 4.1.16. In the classical study of resolvent problems, one considers 
an operator A in a Banach space X and investigates solvability of the 
equation su - Au = f for se C together with a corresponding resolvent 
estimate of the form 


|s| Iulx + | Aullx < Cail fllx. 


In particular, if s # 0, the solution u belongs to the same space X as the 
data f. In contrast, the solution theory established in Theorem 4.1.14 
does not fit into this setting, and we do not obtain a classical resolvent 
estimate. 


4.2 The Time-Periodic Linear Problem 


After having established well-posedness of the resolvent problem in The- 
orem 4.1.14, we now turn to the time-periodic problem 


w(u +e, Au-e1AX-Vu)-Au-Adhu+rVp=f in TxQ, 
divu=0 inTxQ, (4.43) 
u=0 on Tx OQ, 


where T = R/27Z. In order to transfer the properties of the resolvent 
problem to the time-periodic case, we work in a framework of absolutely 
convergent Fourier series. Besides uniqueness and existence of a solution, 
this allows to obtain a corresponding a priori estimate with the same 
constant as in the resolvent estimate (4.41). In conclusion, we obtain 
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conditions when the constant is independent of A and w, which is crucial 
for the fixed-point argument employed to solve the nonlinear problem 
(4.1). 

We first introduce the spaces of absolutely convergent Fourier series 
and provide some inequalities necessary for the treatment of the nonlin- 
ear problem (4.1). Afterwards, we establish well-posedness of the time- 
periodic problem (4.43) in these function spaces. 


4.2.1 The Functional Framework 


Here we introduce the functional framework where we carry out the anal- 
ysis of the time-periodic problem (4.1). For simplicity, we restrict to the 
case of 27-periodic functions, that is, to the torus group T = R/27Z. 

Let X be a semi-normed vector space with semi-norm |-|x. To any 
sequence (fk)xez © X we can formally associate a Fourier series 


FOA =F fre”. (4.44) 


keZ 


This series converges pointwise if the sequence of norms (|| fel x)rez is 
an element of £!(Z;R), which means (fk)kez € (1(Z; X). Recalling the 
inverse Fourier transformation .A;' on T, the equation (4.44) can thus 
be expressed as f = F7'[(fr)rez], so that f is an absolutely convergent 
Fourier series. Clearly, these objects constitute a function space defined 
by 


A(T; X) = [etx iO) =>) jee (fe)nez € X, Dll <o}, 


keZ keZ 


the space of functions on T with absolutely convergent Fourier series, 
which we equip with the semi-norm 


I fllactxy = Dol fellx- 
keZ 


Then A(T; X) coincides with the space Fr (Z; X)], which embeds into 
the space C(T; X) of X-valued continuous functions on T. This property 
also justifies the pointwise definition in (4.44). 
Observe that if X is a normed space, then A(T; X) is also a normed 
space, and if X is a Banach space, then A(T; X) is also a Banach space. 
It is well known that the scalar-valued space A(T; R) is a Banach algebra 
with respect to pointwise multiplication, the so-called Wiener algebra. 
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One can generalize this property and derive estimates in the X-valued 
case. For example, one readily shows the following correspondency of 
Holder’s inequality. 


Proposition 4.2.1. Let DER", neN, be an open set and p,q,r € [1,0] 
such that 1/p+1/q = 1/r, whereby 1/0 := 0 as customary. Moreover, let 
fe A(T; L®(D)) and g € A(T; L9(D)). Then their product fg satisfies 
fge A(T; L"(D)) and 


Il fgllacxr)) < If larei Igla) (4.45) 


Proof. By assumption we have f = Fy'[(fe)] and g = F7'[(gr)] for el- 
ements (f) € !(Z;LP(D)) and (gp) € (!(Z;L2(D)). Therefore, we have 
fg = Fa (fe) *7, (9r)]- Then the classical Hölder inequality implies 


> >| fegk-eltr(D) 


| fglacurwy = Lars, n kee led 


<M [lelro | 9e-eluecoy = If lacrnecoyy gil aaro). 
keZ eZ 


This completes the proof. 


Remark 4.2.2. Here we single out the special case when one of the functions 
involved in Proposition 4.2.1 only depends on time. Let fe A(T;R) and 
ge A(T; L4(Q)). Then, the function f can also be regarded as an element 
of A(T; L®(D)). Consequently, (4.45) implies fg € A(T; L7(D)) and 


Ifslacrıeoy) < | fact) glaa) 


Similarly to Proposition 4.2.1, we transfer the classical interpolation 
inequality for Lebesgue spaces to the framework of the spaces A(T; X). 


Proposition 4.2.3. Let DER", neN, be an open set and p,q,r € [1,0] 
such that 


3 


for some 6 € [0,1], whereby 1/00 = 0 as customary. Then every function 
fe A(T; L?(D)) nA(T;L9(D)) satisfies f € A(T; L"(D)) and 


IFI ACTED) < IAIL) IFAD) (4.46) 
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Proof. By assumption, we have the identity f = F;'[(f,)] for an element 
(fx) € !(Z;LP(D)nL°(D)). The classical interpolation inequality for 
Lebesgue spaces together with an application of Hölder’s inequality on Z 
yields 


[Flaco = Alf urn) $ 2 lfs lizto lfrlkaco) 


< IFK li lacero) 


This completes the proof. 


Observe that one can directly generalize Proposition 4.2.1 and Propo- 
sition 4.2.3 to general measure spaces. For the sake of simplicity, we have 
restricted ourselves to the Lebesgue measure here. 

Remark 4.2.4. Note that we can easily transfer embedding properties to 
the framework of these spaces. Let X and Y be two semi-normed spaces, 
equipped with the semi-norms |-|x and ||-y, such that X > Y, that is, X 
is continuously embedded in Y. This directly implies A(T; X) > A(T;Y) 
since for fe A(T; X) with Fourier coefficients (f;)xez € 21(Z; X) one has 


YI felly < Ca X | fellx = Celf larx; 
keZ keZ 


where C4, is the embedding constant of the embedding X > Y. 


The main advantage of the space A(T; X) is that we can directly trans- 
fer a priori estimates for a resolvent problem to a priori estimates for the 
corresponding time-periodic problem. Recall that in general this is not 
possible in a classical Lebesgue framework of spaces of the form L4(T; X) 
as we pointed out before. 


4.2.2 Well-Posedness 


Now we show the existence of a solution to the time-periodic problem 
(4.43) by reducing it to the resolvent problem (4.4) treated in Theorem 
4.1.14. 


Theorem 4.2.5. Let Q c RÌ be an exterior domain of class C%. Let 
q€ (1,2) and à, w, 0, B > 0 with A? < 0w < B. For every f € A(T; L1(Q))’ 
there exists a solution (u,p) to (4.43) subject to the estimate 
w||Opu +€,AU—€1, AX: Vul ACT: L) + | V7ullacrtaay) 
+ Alula + Aula) +" | Vall acre2 (ay) (4.47) 
+ |Vpllacrtaayy < Calf 


A(T;L4(Q)) 
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for a constant C43 = C43(N,9,A,w) > 0 and sı = 2q/(2- q), s2 = 4q/(4-q). 
Additionally, if (w,q) is another solution to (4.43) in the function class 
defined by the norms on the left-hand side of (4.47), then u = w and 
p=qg+g0 for some (spatially constant) function qo:T > R. 
Moreover, ifqe (1, 3), then the constant C'43 can be chosen independently 
of X and w such that C43 = C43(Q, 4,0, B). 


Proof. If (u,p) is a solution to (4.43), in the above function class, then 
the k-th Fourier coefficients v = Fy'[u](k) and p = Fy'[p](k) satisfy 
the resolvent problem (4.4) with right-hand side F = Z'[f]|(k). The 
uniqueness statement of Theorem 4.2.5 is thus a direct consequence of the 
uniqueness statement of Theorem 4.1.14. 

To show existence of a solution satisfying (4.47), consider a function 
fe A(T; L9(Q)). Then 

fx) = >) fele) 
keZ 
with f, € L9(Q) for k € Z. Let (uz, px) = (v,p) be a solution to the 
resolvent problem (4.4) with right-hand side F = fẹ that exists due to 
Theorem 4.1.14. We define 
nie) re, BG r=) ple). 
keZ keZ 

By (4.41), u and p are well defined and satisfy problem (4.43). We directly 
conclude estimate (4.47) from estimate (4.41) with coincident constants 
Caz = Co. 


Remark 4.2.6. Recall that the constant C49 in the resolvent estimate (4.41) 
was independent of the actual resolvent parameter k e Z. Therefore, as 
shown in the previous proof, it coincides with the constant C43 in the 
a priori estimate (4.47) for the time-periodic problem. In particular, we 
can thus choose the constant C43 independently of A and w if 1 < q < 3/2, 
which will be crucial to show existence of a solution to (4.1) in the next 
section. 


4.3 The Nonlinear Problem 


Now we begin with the study of the nonlinear problem (4.1). First of all, 
we formulate it as a problem with homogeneous boundary conditions and 
derive suitable nonlinear estimates. We then apply the linear theory es- 
tablished in Theorem 4.2.5 to show existence of a solution to the nonlinear 
system by the contraction mapping principle. 
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4.3.1 Reformulation of the Problem 


In order to show existence of a solution to (4.1), we transform it to a 
problem with homogeneous boundary conditions. To this end, we use the 
following simple lemma that is an analogue of Lemma 3.3.1. 


Lemma 4.3.1. Let Qc R” be an exterior domain and R > 6(Q°). Then 
there exists a function W € CA (R")” with suppW c Br, div W =0 and 
Wlan = eı Ax. 


Proof. The proof is analogous to that of Lemma 3.3.1. Consider a second 
radius Ro > 0 with 6(D°) < Ro < R, and let y € C (R”) with y = 1 on Br 
and y = 0 on B®. We define the function W: R” > R” by 


W(x) = curl [ e1 |z| o(x)] 


Then W € C (R")", supp W c Br and 


1 
div W(x) = R div curl | e lz p(x)] =0 
Moreover, for x € 90 we have |x| < Ro, and therefore 


1 
W(x) = en curl [| e 2] =, AL. 


This completes the proof. 


For fixed R > 6(Q°), consider the functions V and W from Lemma 3.3.1 
and Lemma 4.3.1 and define 


U:T x R? > RË, U(t, £) = a(t) V +wW. (4.48) 


Then U(t,-) € C (R3) for all te T, and the time regularity of U coincides 
with that of a. Below we will assume a, fa € A(T;R), so that U e 
C!(T x R3). Now define v = u- U and p= p. Then (u,p) solves (4.1) if 


and only if (v,p) solves 


w(Oju +e, Au -e, Ax Vu) — Av- Adv + Vp = f+N(v) in TxKQ, 


divv=0 in TxQ, 
p=) on T x ðQ, 
a v(t,z)=0 for teT, 
(4.49) 
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where 
N (v) = (P,a)O,v — w(O,U +e AU -eı Ax VU) 


4.50 
+AU +a0,U -v-VYu-U-VYu-v-VU -U-VvU. ( ) 


Recall that Pia = a- A. It thus remains to show existence of a solution 
to the nonlinear system (4.49). 


4.3.2 Existence of a Solution 


To show existence of a solution to (4.49), we first set up the functional 
framework. For the sake of clarity, we introduce the abbreviations 


lala = lalam Ilas = Ifar) 


for se (1,00). For à, w > 0 and q € (1,2) we define the function space 


XY A(T x Q) = {v € Li(T x 9) | lolze < of, 


ioe 
where 

Jvllag, = wv + e1 Av- e1 ^z : Vulas 
AS2 


+ |V?vllas + Alavas + A? ]vlası + Atv 


with sı = 2q/(2 - q) and s = 4q/(4-q). We establish the following 
estimates of the nonlinear term N (v) from (4.50) under the assumption 


that the (time-dependent) translation velocity a satisfies a, La eA(T;R). 


Lemma 4.3.2. Let q € [8.3], 0< À< ào andO<w<wo. Let v, va € 
Xi (T x Q). There exists a constant Cy4 = C44(Q, q, A0, wo) > 0 such that 
|N (vi) a9 
< CA 1 Pralalvılas, + aoa (4.51) 
+(At+w+ |Pralla)(1+ [Piala + laala + hoils )) 
|N (v1) -N (v2)llAa 
< Cul A |Pial]a+tà+w+ [Piala (4.52) 


+ ATETA Jor læs + valle ,)) lor = vales 


Proof. Let ve X$ (T x Q). In view of Remark 4.2.2, we have 


[(Pia)ðv] as < |Pıalalöivlas < [Piala A oles. 
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By the definition of U in (4.48) and the decomposition a = A +P a, we 
further have 


w|,U +e, AU = e1 ^ VU laa < cowl|alalV las + NU lae + VU Jas) 


< cwl Sala +A\+wt |Pıala)- 
Similarly, we obtain 


JAU Jac < (A+ w+ Piala), 
lad aa < cs(A + Piala) (A +w + Piala). 


Additionally using Proposition 4.2.1, the Sobolev inequality and Remark 
4.2.4, we further have 


|U-Vutv-VU+U-VU aa 
< ca(0 |, 45076-20 |VU [ase + [Ulas [Velasco + [Ulaz VU] az) 
<¢5(A+ w+ IPiala) (lvls +A+w+ |Piala). 

Finally, let us treat the critical term v- Vv. Since the assumption q € [£, =] 
implies Fer <2< a, we can employ estimates (4.45) and (4.46) to obtain 
lv- Volas < lol azwe-o Vola < celol azue-o | Voll Ko IV Ullasero-o 

with 0 = a By the Sobolev inequality and Remark 4.2.4, we deduce 


lu- Volas < er eoa |v2v]%. < cad OFA y Fre 


Collecting the above estimates and using A < ào and w < wo, we obtain 
(4.51). Estimate (4.52) follows in the same way. 


After these preparations, we can now show the existence of a solution 
to the nonlinear problem (4.1) by reformulating (4.49) as a fixed-point 
equation by means of the solution theory to the time-periodic problem 
established in Theorem 4.2.5. We then establish existence of a solution to 
the resulting fixed-point equation by the contraction mapping principle. 


Theorem 4.3.3. Let Q c R? be an exterior domain of class C3, and let 
qe[$,2]. Let f € A(T;L°(D))? and a € A(T;R) such that 4a € A(T;R) 
and define 


= f a(t) dt. 


T 
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For all pe ee 1) and 0 > Q there are constants k > 0 and Xo > 0 such 
that for all 


2 


A 
XE(OXo]; we |: KAP] (4.53) 
there exists € > 0 such that if 


la- Alam + If larro) <E, 
then there is a solution (u,p) to (4.1) with 
u € A(T; L2d/2-9(Q))3, 
Vue A(T; LAD N), 
Vu € A(T; LQ), 
ðu +e Au-e,Ax-Vu, Ou, Vp e A(T;LI(N))?. 


Proof. In order to obtain a solution to (4.49) by a fixed-point argument, 
we consider the problem 


w(O,w +e, aw- e ^r: Vw)- Aw-Adw+Vg=f+N(vV) mTxQ, 


divw=0 in Tx Q, 
w=0 on T x O9, 
(4.54) 


for given v € XI (T x Q). Since Lemma 4.3.2 ensures that N(v) € 
A(T; L9(Q)), Thoen 4.2.5 shows the existence of a unique velocity field 
wei (Tx Q) and a pressure field q with Vq € R L?(N))? that satisfy 
(4. 54). “We thereby obtain a solution map Syw: A), > Ay, U > w. More- 


over, Theorem 4.2.5 (where we can set B = 1) Me Lemma 4.3.2 yield the 
estimate 


|Sruo(v) le, < CaolIFlas + INO) laa) 
< cofe + eXlvlxe, + NEED p24 
ya A,w 
+ Arw+e)(l+e+ | alarm + leles, )) 


with co = Cyo(1 + C44) independent of A and w. Therefore, S),, is a self- 
mapping on the closed subset 


Mg = {ve AL, | llullae, <ô} 
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of X (T x Q) provided 
cole ted 15 + A713162 + (Atw+e)(1+s+|Lalacıır) +6)) < 6. (4.55) 


For p € eas 1) we choose ô = AP. Moreover, let € = A? and w < Kô for 
some x > 0. Then (4.55) holds if 


co( AP FAIN Or O RA aga a ee | Sallacre) + \?)) <1. 


This condition is satisfied for all A< Ao if we choose Xo and x sufficiently 
small. Similarly, for vı, vo € Ms we have 


(Saot) — Sx,0(v2) lac < Caol (vi) -N (va) |] ag 


< CypCug(eX 1 + A + w + e + 2V-C3/99) ry - vy læs 


With the same choices of parameters as above, this yields that S),, is a 
contraction on the set Ms if 
1 
CoC (2A + KAP + A? + 2 Ga 8)/a) < 7’ 
which holds if A < Ao and Ao is sufficiently small. In total, we thus ob- 
tain that, under the above choice of parameters, the solution map Syw 
is a contractive self-mapping. Finally, the contraction mapping principle 
yields the existence of a fixed point v € X) , of S),,, and hence of a solution 


(v,p) to (4.49). Consequently, (u,p) = (v + U,p) is a solution to (4.1) in 
the asserted function space. 


Remark 4.3.4. The lower bound a <w on the angular velocity in (4.53) 
may seem strange since, from a physical point of view, the limit w > 0, 
which corresponds to the case of a non-rotating body, seems uncritical. 
The lower bound on w in the condition (4.53) is an artifact of the change 
of coordinates into the rotating frame of reference employed in the math- 
ematical analysis of the linear problem, which leads to a priori estimates 
with constants that exhibit a singular behavior as w > 0. As a con- 
sequence, a lower bound on w is necessary in Theorem 4.3.3 to obtain 
existence of a solution via a fixed-point iteration. A similar observation 
was made in the investigation of a steady flow past a rotating and trans- 
lating body carried out in [30]. From a mathematical point of view, it is 
therefore not surprising that the same effect appears in the more general 
time-periodic case investigated here. 
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A classical concept in the theory of partial differential equations is 
the notion of fundamental solutions. Fundamental solutions to both the 
steady-state and the initial-value linearized Navier-Stokes equations have 
been studied for many decades, initiated by LORENTZ [80] and OSEEN 
[85]. In contrast, a fundamental solution to the time-periodic Stokes sys- 
tem was introduced just recently by KYED [76]. In this chapter, we extend 
this latter result in various directions. Firstly, we derive a time-periodic 
fundamental solution to the general linearized Navier-Stokes equations in 
both the Stokes and the Oseen case in dimension n > 2. The correspond- 
ing results were published in [21]. Secondly, we introduce a time-periodic 
fundamental solution for the vorticity field associated with a solution to 
the linearized Navier-Stokes equations in three dimensions. 
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These time-periodic fundamental solutions always consist of two parts: 
A steady-state part that coincides with the fundamental solution to the 
steady-state problem, and a second purely periodic part. While integra- 
bility properties and pointwise estimates of the former are well known 
from the theory of steady-state problems, we establish corresponding re- 
sults for the purely periodic parts. These properties enable us to identify 
the fundamental solutions as regular distributions on a Schwartz-Bruhat 
space and express convolutions with the fundamental solutions in terms 
of classical integrals. Moreover, they facilitate the investigation of spatial 
decay of time-periodic solutions to both the linearized and the nonlinear 
Navier-Stokes equations. While the study of the first is straightforward, 
the latter is more involved and will be the topic of Chapter 6. 

In Section 5.1 we recall the fundamental solutions to the steady-state 
Stokes and Oseen equations and we examine a fundamental solution to 
a Helmholtz equation with a drift term. Based on these steady-state 
fundamental solutions, we introduce time-periodic fundamental solutions 
to the Stokes and Oseen equations in Section 5.2 and establish point- 
wise estimates and integrability properties. In Section 5.3 we introduce 
and investigate a fundamental solution for the vorticity field in the three- 
dimensional case. 


5.1 Classical Fundamental Solutions 


In this section, we consider several steady-state problems. After recalling 
the fundamental solutions to the Laplace equation as well as to the steady- 
state Stokes and Oseen equations, we introduce a fundamental solution to 
a Helmholtz equation with a drift term. We subsequently derive estimates 
of the convolution of this fundamental solution with the Laplace funda- 
mental solution, which is a preparation for the study of the time-periodic 
fundamental solutions in Section 5.2. At the end of this section, we collect 
specific results in the three-dimensional case. 


5.1.1 The Stokes and Oseen Equations 


Here we recall fundamental solutions to several time-independent prob- 
lems and the basic concept of fundamental solutions. To begin with, we 
consider the Laplace equation 


-Au = f in R” (5.1) 
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for n > 2. A fundamental solution to this equation is the well-known 


Laplace fundamental solution given by 


1 
Sy ifn=2 
a og |z| if n= 2, 


Ty: RR". {0} +R, I(x) = 1 (5.2) 
— jP ifn>2, 
(n-2)wn 


where wp denotes the surface area of the (n - 1)-dimensional unit sphere 
in R”. Then I) € ’(R”) is a solution to -AI; = ôg» in the sense of 
distributions. Due to this property, for f e.Z(R”) a solution u to (5.1) 
can be computed explicitly by the convolution 


u= *f. (5.3) 


Since Jy, is not only an abstract distribution in .Z’(R”) but represented 
by the function (5.2), this convolution is a classical integral. This fact can 
be exploited to derive properties of the solution u from properties of the 
fundamental solution and the right-hand side f, which can be seen as the 
main advantage of this kind of representation formula. 

Of course, this approach was also applied in the theory of Navier-Stokes 
equations. We consider the stationary linearized Navier-Stokes equations 


I -Adhv+Vp=f in R”, (5.4) 


divv=0 in R” 


for a parameter A € R. For A = 0 this system is called the steady-state 
Stokes system, and for A # 0 it is called the steady-state Oseen system. 
Here, f:R” > R” is a given right-hand side, and the solution consists of 
a velocity field v:R” > R” and a pressure field p: R” > R. By analogy to 
(5.3), a fundamental solution ®p to (5.4) is a distribution such that we 
can express the solution (v,p) to (5.4) as 


() = By x f. (5.5) 


Therefore, the fundamental solution ®, is a tensor field 


Foun ae Io in 

By =| 73 R Be (5.6) 
rà nl’ cas O,nn 
Yo. +- Yon 
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Then, the fundamental solution consists of the velocity fundamental solu- 
tion Tẹ = (T$ je)?e-1 and the pressure fundamental solution Yo = (0,5 );-1, 
which leads to the representation formulas 


v=Tixf, pemrf. 


The components of ®p satisfy the distributional equations 


Ay = ADT} +0 + O;Y0,0 = 0;00R", (5 7) 
for all 7,@=1,...,n, where we employ the Einstein summation convention 


in the second line. The fundamental solution to this problem is well known, 
but it heavily depends on whether = 0 or \ #0. In the Stokes case (A = 0), 
a velocity fundamental solution I = I'S: R" \ {0} > R™” to (5.7) is given 
by 


r§(z) = oe 


1 
u ee 
2Wy, n-2 
see [42, Section IV.2] for example. In the Oseen case (X # 0), a velocity 
fundamental solution Is = TO to (5.7) is given by 


P:R" \ {0} > R””, T(x) = [djeA - je] V3 (x) (5.9) 


with 
A hr = 
Wa) => | nam. un) Egli 
0 
op 
+ J (+29) Ko(Arl) dr 
Ar 
0 
if n = 2, and 
A r = 
Wie) => f [aate Er 22,---,¢0)] dr 


if n > 3, where Jj, is the Laplace fundamental solution defined in (5.2) and 


n-2 
1 De i A A A 
E(x) = — Ka [Z]e]\e?®; 
=) (5) a (lle? 
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see [42, Section VII.3] for example. Here, K, denotes the modified Bessel 
function of the second kind; see Section A.1.1. In both the Stokes and the 
Oseen case, a pressure fundamental solution is given by 

1 Tj 


Yo: R" ~ {0} > R”, Yo,j(2) = “onla = Le). (5.10) 


Finally, TÈ and yo constitute a fundamental solution in the form (5.6) to 
the steady-state linearized Navier-Stokes equations (5.4). 


5.1.2 The Helmholtz Equation with a Drift Term 


Next we study a fundamental solution to the equation 


inv - Av -Adıv = f in R” (5.11) 


for given parameters \ € Rand ne Rs {0}. Note that for A = 0 this is 
the classical Helmholtz equation. First of all, let us treat this special case 
and consider the function 


n-2 


TER" {0)>C, Tk(2) = 4) HBF) 


2n|z| 


for ue CN R. Here HP denotes the Hankel function of the first kind 
(see Subsection A.1.1) and \/z is the square root of z with nonnegative 
imaginary part. Then [TẸ is a fundamental solution to the Helmholtz 
equation 

pl — ALG = op; 


see [98, Chapter 5.8] for example. We shall use this fact to find a fun- 
damental solution to (5.11). For À € R and 7 + 0, we define the function 
TAR” s {0} >C by 


; 7 
-àx 2 Ag 
EM e EO = I) HO (VEe)? (6.12) 


with u = p(n, A) = (A/2)2+in € Cn R. In order to see that I” is a 
fundamental solution to (5.11), we further analyze the term \/—y in the 
following lemma. Its proof mainly relies on an explicit computation of 
this quantity. 
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Lemma 5.1.1. Let m > 0 and A€ R. Then there exists a constant 
C45 = C45(A, 10) >0 such that 


A 1 
mm) - Èl > Cain (5.13) 


for allmeR with in| 2 no and u = (A/2)? + in. 


Proof. For A = 0 the statement follows directly with C45 = 1/V2. If we 
assume A #0, then 


ven = ((AJ2)* + ys exp GG + arctan(4n\~))). 


Using the identity 2 cos?(x) = 1 + cos(2x), we thus obtain 


Im(/=/2) = ((AJ2)* + rn)! sin Gi + arctan(4n\~))) 
= ((A/2)* + 1)! cos G arctan(4n\~”)) 
1 


= ((A/2)4 + ”)' + COS ( arctan(4nA"2)))?. 


We employ the identity cos(arctan(x)) = (1+ 2?)-'/? to further deduce 


Im(/=/2) = ((A/2)* + ry +(1+ nt) 


; pe yh 4 
Ill X ) +} A 
2/2 (\/2) 
Consequently, we have Im(,/—2) - |A|/2 > 0 for ņ + 0, and 


fn DDR 1 
Inl>® In]? V2 


This implies the assertion since |n| > no- 


With the help of the previous lemma and the results on Hankel functions 
from Subsection A.1.1 and the estimates from Subsection A.1.2, we can 
now establish the following pointwise estimates of T u and its derivatives. 
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Lemma 5.1.2. For alle, no >0, Ac R and me No, there exists a constant 
Cig = Cag(n,€,, No) > 0 such that 


n— —n 1 
Tr (2)| < Ciela Tle 7 eCasinl?lel (5.14) 
1 
[VETE ENS Cala lel er Colle? (5.15) 


for all x € R” with |x| > e and all ne R with |n| > m. Here, Cas is the 
constant from Lemma 5.1.1. 


Proof. Recalling the definition of T}* in (5.12) and estimate (A.67) for 
the Hankel functions, we obtain 


mA n2 | 2-n 
[rE (E| < coll * lal? 


HER. (el) foal 
2 


< alu = fel Z em le Bel 


Estimating now the exponential function with the help of (5.13), we im- 
mediately arrive at (5.14). Another elementary estimate implies 
n+l 1 1 
RS) sau" B ni et e, 
which is (5.15) for m = 0. To derive (5.15) for general m € No, we compute 
the derivatives of I) PA By the Leibniz rule, for œ € Nj we have 


n-2 

= 

a 7 2-n 

Derya) || E Dfl” e Dad rl]. 
4 2T Bsa 2 

Estimates of the derivatives appearing on the right-hand side can be found 

in Lemma A.1.5 and Lemma A.1.3. We thus deduce 


2]a@-ß|-1 


|DER (æ)] < eslu E Del eu 3 [ee mtv mel 
Bsa 


n+2|a|-3 


< calu) * el e BVM Dl, 


where we used |u| > |n| > 1o. By employing Lemma 5.1.1 and the inequality 
|u| < c;|n| with cs = c5(A, no) > 0, we arrive at 


nt2la|+1 


= —(n+|a 1 2 £ 1 = 
LDR Psa) < con] um (n+| (In|? a1) 2 @~Casin|? |z| 


1 
< ale e-Caslnl21al/2, 


which implies (5.15). This completes the proof. 
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Next we derive an estimate that describes the asymptotic behavior of 
T(x) as |z| > 0. It will be a direct consequence of the according esti- 
mates for Hankel functions given in Lemma A.1.1. 


Lemma 5.1.3. For all 4,1 € R with n #0 and Re (0,1) there is a 
constant C47 = C47(n, R, A) > 0 such that 


A 


[F2*(2)| < Cyrle| "ea ifn>2, (5.16) 
i ; 
HS) < Carllog(lal? ||) | e2% ifn =2, (5.17) 


for all x e R” with lul? ar < R. 
Proof. From the definition of T i in (5.12) we directly conclude 


n+2 


n-2 2+2 ee 
a) < coll T lal? [Ha (VA e|. 


Now (5.16) and (5.17) are direct consequences of the estimates (A.68) and 
(A.69) for Hankel functions. 


Now we can verify that TYP? is an element of .Z’(R") and a fundamental 
solution to (5.11), that is, it satisfies the equation 


N lames Corp iga (5.18) 


The proof will mainly be based on the estimates of T ve derived in the 
previous lemmas. 


Lemma 5.1.4. For all `e R and n € R\ {0}, the function I! is a 
fundamental solution in S'(IR") to (5.18), it is an element of L1(IR") and 
satisfies 


1 
IR = 3 | (5.19) 
RL im + [EP = iE: 


Proof. From Lemma 5.1.2 and Lemma 5.1.3, we immediately conclude 
Ti? e L1(R") c .Y'(R”). Now, a short computation leads to 


[in - A - 0, |” 


-o pH u iA na ee en 
= inla- Aly + Ad ln - 7 In ATE + ZI e`? 
= (- AT + nlf) 039 = dan, 


Therefore, T TA is a fundamental solution to (5.18). Applying the Fourier 
transform to this identity, we obtain (in + |€|? - iA&) Fra [1>] = 1. Due 
to ņ #0, this implies (5.19) and completes the proof. 
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5.1.3 A Convolution Estimate 


Here we consider the convolution of J; We with the Laplace fundamental 
solution 7; defined in (5.2). The presented result will be the key to derive 
pointwise estimates of the time-periodic fundamental solution later. The 
proof is based on the estimates of J, rG from Lemma 5.1.2 and Lemma 
5.1.3. Moreover, for m > 1 we frequently use the estimate 


Pa Cei n, (5.20) 


which is a direct consequence of (5.2). 


Lemma 5.1.5. Let \¢ R andneR\ {0}. Then the convolution integral 


[Pe = f Ten Fw) dy (5.21) 


exists for all x e R” \ {0} and I) + IT!’ e LL (R"). Moreover, T; + T> e 
CA (RR {0}) AW (R") for all k € No, and for all 8 e N} with |8| 21 and 


all €, > 0 there exists a constant Cyg = Cyg(n, A, No, 8,€) > O such that 


[DEL + F2](x)| < Cag [nl |e? (5.22) 


for allneR with in| > and all x € R° with |x| >. 


Proof. In virtue of Lemma A.2.1, the estimates from Lemma 5.1.2 and 
Lemma 5.1.3 together with (5.20) imply that the right-hand side of (5.21) 
is well defined for x + 0 and that T; + TH^ e LI (R") n CHR” \ {0}) with 


OTL» RNE) = f dTe - y) NP) ay. (5.23) 


Now fix € > 0 and consider some x € R” with |z| > e. Put R = 
x € CF (R; R) be a cut-off function with 


1 
x(r)=1 if1<ļ|r|<3, x(r)=0 if 0<|r|< 5 or |rl24, 


and define yz: R” >R by yr(y) = x(Rly]). We decompose (5.23) as 


OT + TEN (2) = (a) + b(2) + I(x) 
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where 


I(x) = | d;T.@e-y) FW) (1- xaly)) dy. 


I(x) = f dTule- y) FW) (1- xely)) dy, 
B3R 
I(x) =f Brae- FG) xno) ay. 
Bar\Bryo 
We consider each term separately. In virtue of the decay properties of IL, 
from (5.20) and the estimates of T^ in Lemma 5.1.3 and Lemma 5.1.2, 
we see that J, € C°(R" ~ {0}) n WE (R") for all ke No by Lemma A.2.1. 


loc 


Since |y| < R implies |x - y| > |z| - |y| > R/2, estimate (5.20) yields 


Den (e) =| f BDT -y) FA) (1- xely)) dy 


Br 


< co f [BDT (E -DR las 


<a J R!=-al | 2A y)|dy. 


Rr 


We split this integral at a radius 6 = Ll? With (5.14) we obtain 


NZ: =; 1 
J (| ay S call / wl = e Casini? ll dy 
Bô ef 


zñ ta = 
seau? ey f lul” dy < csi”. 
B1/2 B1/2 
Similarly, from Lemma 5.1.3 we deduce 
-n à 
[NRO ay < ce "ei" ay 
Bs Bs 
ze 
< erlu? f lyf" e3 n dy < cal" 
Bıya 
in the case n > 2, and 
u A 
[MEP Oley ses f los lul2lydle2™ ay 
Bs Bs 
1 fy Sul? ys a 
< colul log(lu])l e? dy<caln] 


Bie 
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in the case n = 2, where we used |Al/2 < u]? in both cases. Collecting 
these estimates, we conclude 


[De 7 (2)]| < cin RI. 


Now let us turn to Jz. As above, Lemma A.2.1 implies Jp € C” (R” ~ {0})n 
W*'(R") for all k e No. In order to estimate D@Jy, we utilize (5.20) and 


loc 


Lemma 5.1.2 again. Since |y| > 3R > 3e/2 implies lul? ly] > 3noe/2, we can 
employ estimate (5.15) with m = 0, which directly yields 


Dersla)lscı f DT. - WIN Olay 


B3R 
1-n-Ja| | _ 1-1, j-n 
Sou f l-u a 
B3R 


Se 


Furthermore, from the decay estimate of T me from (5.15) we conclude 
I € C> (R”  {0})n WE (R”) for all k € No by Lemma A.2.1, and we have 


loc 


D°I3(x) = T ojlLlz-y) De [r> xr|(y) dy. 


Bar \Bry2 


1 1 
Since |y| > R/2 > e/4 implies |u|?|y| > née/4, inequality (5.15) and the 
Leibniz rule lead to the estimate 


|al 
Derse f je- E mi irren dy 
Bar\Brye k=0 
-1 p-n-la| l-n -1 D1-n-lal 
seul RI f e- yi dy < cis inf R, 


Ber(2) 


In total, we have shown Ij, + IX € C*(R"\ {0}) n WEI (R") for all k € No, 
and since |x| = 2R, we finally conclude (5.22) with 6 = a + e; by collecting 
the estimates for D°, D° I and D® F}. 


5.1.4 The Three-Dimensional Case 


One of the main goals in Chapter 6 is to derive spatial decay estimates 
for the solution to the Navier-Stokes equations. These estimates mainly 
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rely on a representation of the solution via the fundamental solution. For 
the derivation of pointwise information, we need pointwise properties of 
the fundamental solution. We restrict ourselves to the Oseen case A # 0 
in the following. Then the steady-state velocity fundamental solution is 
given by the three-dimensional Oseen fundamental solution TÀ = PO. The 
function WA in formula (5.9) can then be simplified since the associated 
modified Bessel function Ky/2 is given by 


T 
Kı(z) = F 
We thus obtain 


1 s(Ax)/2 
Lee) = To lod = jô] 


dr, (5.24) 
0 


where 
s(x) = |x| + zı. 


One can derive the following estimates. 


Theorem 5.1.6. Let n=3 and Ac R\ {0}. For all m € No and £ > 0 
there exists a constant Cso > 0 such that 


vlalze: |v™EA(x)| < Coo[|a|(1+ sA) 2. (5.25) 


Proof. We refer to [26, Lemma 3.2]. 


Observe that the appearance of the term s(Ax) in (5.24) and (5.25) 
results in an anisotropic behavior of Tẹ (x) as |x| > oo. More precisely, if 
we consider \ = 1 for the moment, in all directions except of the negative 
xı axis, that is, on sets of the form 


{x eR" | xı =alļæ|} = {x eR” | s(x) = (1+a)le]}, aeé(-1,1], 


the fundamental solution I} decays like x]. However, the above estimate 
merely yields decay of order x] on parabola-like wake regions of the form 


[zeR" | ja -22+28xı < 6?}={xeR"| s(x) <B}, 8>0. 


As mentioned before, the strength of a fundamental solution is that 
it yields a solution formula via convolution. In order to exploit the full 
potential of the anisotropic decay properties of TÈ from Theorem 5.1.6, 
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one thus has to control convolutions with functions satisfying similar esti- 
mates. The careful study of such kind of convolutions is an involved task, 
which was carried out by FARWIG [26, 27] in dimension n = 3, and later by 
KRACMAR, NOVOTNÝ and POKORNÝ [71] in the general n-dimensional 
case. We collect some of their results in the following theorem, which gives 
estimates of convolutions with I and VI. 


Theorem 5.1.7. Letn=3, A€ [2, œ) and B € [0, œ), and let ge L” (R3) 
such that g(x) < M(1+|a|)-4(1 + s(x))-8. Then there exists a constant 
C51 = Cs1(A, B, A) > 0 with the following properties: 


1. If A+min{1, B} > 3, then 
ITA + g(a) < Ca M| + |a|)(1+ s(az))] . 


2. If A+min{1, B} >3 and A+ B>7/2, then 


[VT] + g(x)| < Csr M[(1 +D + sAr)”. 


3. If A+ B<3, then 


[VÈ] + g(x)| < CM + je ADR(1+ sAr) FP? 


Proof. These are special cases of [71, Theorems 3.1 and 3.2]. 


One can also show the following integrability properties of Tẹ. 


Theorem 5.1.8. Letn=3 andAeR\{0}. Then 


vq € [1,3): TÀ € LI (R), (5.26) 
Yq € (2,00): TÈ € L1(BE)?®, (5.27) 
Yq € [1,3/2) : meh (R3), (5.28) 
Yq € (4/3, 0): 9,1% e L4(B*®)?3 (5.29) 


for any R>0 and j=1,2,3. 


Proof. Properties (5.26) and (5.28) follow from the estimates |Ij(x)| < 
cole and |V TA (x)| < cile? for 0 < |a| < & (see [26, Lemma 3.2]), and from 
(5.25). For (5.27) and (5.29) we refer to [42, (VII.3.28) and (VII.3.33)]. 
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Similarly to the steady-state Oseen fundamental solution I’ considered 
above, the fundamental solution J; ue to the Helmholtz equation with drift 
term, defined in (5.12), can be simplified in the case of dimension n = 3. 
Because the Hankel function HS” for v = 5 is given by 


we have 


ar N 
A, „A dy/—p|x|— > x 
FESR? {0} >C, TE zen (5.30) 


with u = (A/2)? + in as above. The following global pointwise estimates 
are now a direct consequence of Lemma 5.1.1. 


Lemma 5.1.9. Let n=3, m>0 and A€R. Then 


|DA (a) | < Croll? e- Cast? el, (5.31) 
|V EA (x) < Ca(lel” + inl? let) een, (5.32) 


for allneR with |n| > no and z € R?\ {0}. Here, Cys is the constant from 
Lemma 5.1.1, and Cs2 = Cs2(A, No) > 0. 


Proof. By Lemma 5.1.1 we have 


A al 
< eat De el < g-Casin|2 lal 


eb /Zp\x| àri 


Therefore, we directly conclude (5.31) from (5.30). Computing derivatives 
of (5.30) and employing this estimate again, we further deduce 


[vrg (2)| < co( |e "+ «| "(JB + AD) e704? lel, 


which implies (5.32) by using |A| < 2|,/—y] < cılm]? for |n| = no. 


5.2 Time-Periodic Fundamental Solutions 


As mentioned before, the idea to use the concept of time-periodic fun- 
damental solutions in the framework of the Navier-Stokes equations is 
quite new and goes back to [76, 21]. Since a time-periodic problem in the 
n-dimensional whole space R” can be seen as a problem on the locally 
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compact abelian group G = T x R”, where a convolution is available, it 
seems natural to search for a solution formula analogue to (5.3) or (5.5) 
and thus for a fundamental solution in the time-periodic setting. The in- 
troduction of such a time-periodic fundamental solution to the linearized 
Navier-Stokes equations 


ae, in T x R”, 


(5.33) 


divu=0 in Tx R” 


is the first goal of this chapter. Again we let A € R, that is, we consider 
both the Stokes case (A = 0) and the Oseen case (A # 0) simultaneously. 
For the rest of this chapter, the time period 7 > 0 defining the considered 
torus group T = R/TZ remains fixed. 

As in the steady-state case, the fundamental solution will be a tensor- 
valued distribution that decomposes into a velocity fundamental solution 
and a pressure fundamental solution. While the pressure fundamental 
solution will more or less be given as in the steady-state case (defined in 
(5.10)), the velocity fundamental solution will decompose into two parts: 
A steady-state part that coincides with the velocity fundamental solution 
of the steady-state problem (5.4), and a second purely periodic part, which 
will be defined by means of the Fourier transform on the group G = Tx R”. 
After having found suitable representation formulas for the time-periodic 
fundamental solutions, we further analyze their purely periodic parts and 
show how they provide a priori estimates. At the end of the section, we 
have a closer look at the three-dimensional case. 


5.2.1 The Time-Periodic Stokes and Oseen 
Fundamental Solutions 
In the following, we introduce a time-periodic fundamental solution to the 


linearized Navier-Stokes equations (5.33). By analogy to (5.6) and (5.7), 
a fundamental solution ® to (5.33) is a tensor field 


PA... PA 

Me : ” : 1 (n+1)xn 

esla m [eo (5.34) 
Yı ss Yn 


that satisfies 


PEREL a (5.35) 
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in the sense of ./’(G) distributions for j, = 1,...,n. A solution to the 
time-periodic system (5.33) is then given by 


(;) =O» f (5.36) 
p 

provided f € .Z(G), where the componentwise convolution is taken over 
the group G. As in the stationary case considered in Section 5.1, the 
fundamental solution ® consists of two parts: The velocity fundamental 
solution T> = (rà 717 (Gr and the pressure fundamental solution 
Y= (We) € Z” (G)” such that 


u=I*f, payee 


In the following, we shall identify a fundamental solution ® to (5.33) 
as the sum of a fundamental solution to the corresponding steady-state 
system (5.4) and a second purely periodic fundamental solution, which we 
introduce by means of the Fourier transform Fg on the group G = Tx R”. 
More specifically, this fundamental solution is given as the inverse Fourier 
transform of a function on G = Z x R”. Recall the definition of TS, TO 
and Yo from (5.8), (5.9) and (5.10), respectively. 


Theorem 5.2.1. Letn>2 and Ac R. Put 


TS ifX=0 (Stokes case), 
TO ifA#0 (Oseen case). 


I 


Then the elements of S'(G) given by 


DP =$ @ 1p+I?, (5.37) 
Y= @ ÔT, (5.38) 


with 


= az 1-öz(k) (1% 
IE? + (ER - 6) le? 


hy SG 
define a fundamental solution ® € .A'(G)*" to (5.35) of the form 
(5.34). 


Proof. At first, note that the function 


) e P(C (5.39) 


1-öz(k) 


M:G=>C- Mk £) = —— — 
A) ea a( Bk Ae) 


(5.40) 
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is an element of L*(G). Therefore, TA is a well-defined tempered distri- 
bution in .Z'(G)"”*". Due to the identity Agn[y] = im, we obtain 


Fal Vr] = Fax[ V0] @ Frlör] = ae ty 
By (5.7) we also have 
(IE - iA) Fr [I] = Fan [[-A- A8] r] = Fan [dem - V0] = (r- m ) 


Since k F[1r](k) = köz(k) = 0, we deduce 


Be 


le? 


(Ie? +i Ek- 6) Fol} 8 11] = ( 


Js. 
This finally leads us to 
2 2T k A 
(dl + erh - iN) Fell ]+ Fel Vy] =I. 
An application of inverse Fourier transform to this equality and the fact 


that div Tẹ = div TÀ = 0 let us conclude that (1,7) is a fundamental 
solution to (5.35). 


5.2.2 Pointwise Estimates and Integrability 


Since properties of the steady-state fundamental solution @9 = (Ij, 0) 
are well known (see Section 5.1), the analysis of the fundamental so- 
lution ® = (I%,y) from Theorem 5.2.1 reduces to the investigation of 
the purely periodic part TA of the velocity fundamental solution given in 
(5.39). Therefore, we establish decay estimates and integrability proper- 
ties of TR in the following. These results are new and were published in 
[21]. 

Let us begin with the spatial decay estimate of the fundamental solution. 
The idea is to express I) as a Fourier series on T and to identify the Fourier 
coefficients as convolutions in R” of the type studied in Lemma 5.1.5. 


Theorem 5.2.2. Letn>2, AeR andre [1,0). For all me No and 
é>0, there exists a constant Cs3(n,A,7,m,€) > 0 such that 


Vialze:  |VETÀC, £)lrr < Cala". (5.41) 
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2r 

Proof. Recall T; defined in (5.2) and I\/ bA defined in (5.12) (with n = 
Qn 

tk). Since 9,8, [IL + Dy "AT is locally integrable by Lemma 5.1.5 and 

satisfies the decay estimate (5.22), it is a tempered distribution on R”. 


Therefore, we may apply the Fourier transform to this distribution. Then 
identity (5.19) yields 


= 1 
Fan [Oi + TO = TE ET 
T 


and, in particular, 
1 


E + (FR As) 
Hence the definition of I) in (5.39) yields 


Fra | AL, = rig = 


DATA y = Fp (1 - 62(k)) [Se - 33D Lr, #71]. (5.42) 


d 


This representation allows us to derive (5.41) from Lemma 5.1.5. Clearly, 
since T is a finite measure space, it suffices to consider r € [2, o0). Then the 
Holder conjugate r’ = r/(r-1) satisfies r’ < 2. Hence the Hausdorff-Young 
inequality in combination with estimate (5.22) yields 


[Doro 2) Ir 


< | © |(1-52(%)) [5A - 82] DLN, + | H 


keZ 


< cet > ar’) l 


keZx{0} 


Since r’ > 1, the remaining series converges and we arrive at (5.41). 


Next, we derive integrability properties of the purely periodic fundamen- 
tal solution I). For this, we express it as a Fourier multiplier operator 
applied to a function in an appropriate L4 space. In order to show that 
these multipliers are in fact L4(G) multipliers, we employ the Transference 
Principle (Theorem 2.2.2) to connect them to the multipliers considered 
in Lemma A.3.7 in the Euclidean setting. 


Theorem 5.2.3. Letn > 2 andAeR. Then 


Yqe (1 2): Pe L(G)”, (5.43) 
Vge 1.2): 9,1} e LUG” (j=1,... n). (5.44) 
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Proof. We start with the derivation of (5.43). A reformulation of equation 
(5.39) leads to the representation 


ee) 
1 EP IE + iCk- Ag, 


1-6z(k) | 
) 
= [ - Seh RmRm) + R Re] © sg|m AEO! 


Dye al 


where N, denotes the Riesz transform (compare (A.81)), and we have set 


e 2 
My:G>C, Mo(k,€) = ie EAH + KDD (5.45) 
EU + (Fk - A61) 
and 
K:G>C, K(k,€) = (1- 62(k)) [kl C + (EP). (5.46) 
By Proposition A.3.4, we have R; e £(L"(G)) for all r e (1, 00). Moreover, 
we obtain Mo = mo|zxgn with mg defined in (A.83), where 6 = Z Since 


mo is a continuous L” (R x R”) multiplier by Lemma A.3.7, an application 
of the Transference Principle (Theorem 2.2.2) implies that Mo is an L"(G) 
multiplier for all r e (1,00). Hence we conclude TA e L4(G) if Fg (K) « 
La(G). Since we have Fo! (K) = Ya 8 Wg with a = — and 8 = 24, and 
Pa and wg defined in (A.78) and (A.79), respectively, Proposition A.3.1 
and Proposition A.3.2 imply Fzt (K) € L"(G) for all r e (1, n+?) and we 
have verified (5.43). 

In order to show (5.44), we proceed in a similar way. As above, we 
obtain the identity 


Om = [ = RR) + RR] o Zu Io] 


for h=1,...,n, where 


(1 - zC K) JIk (1 +P?) ic, 
le? + (22k - AG) 


Mny:G>C, M,(k,€) = (5.47) 


and 


T:G+C, Ik, = (1-62(k)) Al (14 je?) >. (5.48) 
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Then we have M, = mn|zxer with m, defined in (A.84), where 0 = — 


a: 
Using the Transference Principle (Theorem 2.2.2) and Lemma A.3.7 again, 
we conclude that M, is an L"(G) multiplier for all; re (1,00). Moreover, 


we see ¥q'[J] = Ya 8 Yg with a = — and 8 = u. Arguing as above, 


we conclude ¥'[7] € L4(G) and thus ô, TÀ € L4(G) for all q € (1, =), 
In particular, this yields 9,1} € L\.(G). Together with the asymptotic 
behavior from (5.41) for m = 1, this leads to 9, e L!(G). In total, we 


have thus also shown (5.44) and completed the proof. 


5.2.3 A priori Estimates 


In the following, we demonstrate how to employ the fundamental solution 
in order to derive L? estimates. We further derive unique existence of a 
solution to (5.33) in the associated functional framework. For the deduc- 
tion of a priori estimates, we employ the Transference Principle (Theorem 
2.2.2), which leads to the following result. 


Lemma 5.2.4. If f € Z(G)” and q € (1,00), then TA» fe WI"I(G)r 
and there exists a polynomial P:R > R, which only depends on n and q, 
such that 


lat? A Alla + + |V? (rÀ * Alla < PAT) flo: (5.49) 


Proof. By the definition of I’) in (5.39), the convolution I’) x f can be 
expressed in terms of a Fourier multiplier 


Ms fy =H ee ofa = 9er] 


= |- RR) + RR) 2 Fo [M Fels], 


with M given by (5.40). The property M(0,£) = 0 leads to the identity 
P(T%+f) = Fa [62Fe[T? « f]] = 0. Next let us show that TA» fe 
W1:24(T x R”). We have 


8,3 (T N; = [- RR) + RR] o RR, o Fa [M. Fol fel], 
(I? * f)5 = [- 5je(RmRm) + RR] o Ar o Fat [Mı Fol fel] 


for r,s=1,...,n, where 


Ma(k,€) = IEP M(k,€),  Mi(k,€) = -EE M(k,£) 
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and R; and Ar denote Riesz transforms defined in (A.81) and (2.2), re- 
spectively. Let «k = as Then we have M, = M..lzuer for 0 = 0 and 
Mi = -Mr alza for 0 = 1 with Mea defined in (A.87). By the Transfer- 
ence Principle (Theorem 2.2.2) and Lemma A.3.10, we thus conclude that 
M, and M; are L4(G) multipliers for any q € (1,00). Together with the 
continuity of the Riesz transforms by Proposition A.3.4 and Proposition 
2.2.4, this implies 0,0,(I') * f), 0,(1 » f) € L4(G) and the estimate (5.49) 
due to estimate (A.90). By P(TÀ » f) = 0 and Poincaré’s inequality, this 
further yields TÀ » f € L4(G) and consequently TÀ + fe WP""(G). 


In order to show that IA » f is the unique solution to (5.33) for purely 
periodic f, we utilize the following uniqueness statement, which is proved 
by an application of the Fourier transform on G. 


Lemma 5.2.5. Let (u,p) € Z'(G)"*! be a solution to (5.33) for the right- 
hand side f =0. Then, Pu is a polynomial in each component, Pu=0, 
and p € LE (G) such that p(t,-) is a polynomial for almost each t €T. 


loc 


Proof. An application of the Fourier transform on G to (5.33)ı yields 


2 
(ie + [E - AG) + ER = 0 
with T = Fglu] and P = Zelp]. Multiplying this equation with i€ and 
using divu = 0, we obtain -|E|’P = 0, so that suppP c Z x {0}. Then, the 
above equation yields 


supp Co + EI" - iA&ı)@] = supp [ - éf] c Z x {0}. 


Because the only zero of (k,€) > (ik + lf? - iA€,) is (k,€) = (0,0), we 
conclude supp@ c {(0,0)}. Thus we obtain Pu = 0 and that Pu is a 
polynomial in each component. Now (5.33); leads to p € Li. (G). As 
above, this implies supp Agn[p(t,-)] c {0}, so that p(t,-) is a polynomial 
for almost all t € T. 


Now we show existence of a unique solution to (5.33) when the right- 
hand side f € L?(G)” is purely periodic. We first obtain a solution for 
f e L(G)” by means of the fundamental solution. Due to the a pri- 
ori estimate from Lemma 5.2.4, we can then employ a standard density 
argument to extend this to general f € L(G)” with Pf = 0. 
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Theorem 5.2.6. Let ge (1,0), AeR and fe L!(G). Then there exists 
a solution (u,p) to (5.33) such that u €e Wr?4(G)3, Vp € LY(G), which 
satisfies 


laula + Iv*uls + [AAU + [Vpl < POTI Fla (5.50) 
lulia + Ivpla < Csalfla (5.51) 


for a polynomial P:R > R, which only depends on n and q, and some 
constant Cs4 = Cs4(n,q, A, T) > 0. If (ur, pi) € Z(G)? x Z(G) is another 
solution to (5.33) with Pu, =0, then u = u, and Vp = Vpı. 


Proof. This theorem was originally proved in [74]. We give a slightly 
different proof here. At first, consider f € Y(G)” with Pf =0, and define 
u:= I» f as well as p := y» f, where I and y were defined in (5.37) and 
(5.38). Then (u,p) is a solution to (5.33) due to Theorem 5.2.1. Since 
Pf =0, we conclude (T®1) + f = 0, so that u = TÀ» f and ue W1’ (G)” 
by Lemma 5.2.4. The identity 


Op = FE (Fromme Ft) Fol = ru] = -Rj Re fe 


implies Vp € LY(G)* by Proposition A.3.4 and ||Vpllq < coll f||., where co 
is independent of A and T. Due to this estimate, (5.49) and the identity 
ðu = u - Au + Vp- f, we now conclude (5.50). Since Pu = 0, we 
further conclude (5.51) by Poincaré’s inequality. Moreover, Pu = 0 implies 
PVp =0, so that (u,p) is a solution with the desired properties. 

Now let fe L?(G)”. Then there exists a sequence (f;) c Z(G)” with 
Pf; = 0 that converges to f in L?(G)”. By the above argument, for each 
j € N there exists a solution (u;, p;) with u, € W4 (G)” and Vp; € L!(G)" 
to (5.33) with right-hand side f;, and satisfying (5.50) and (5.51). Since 
(f;) is a Cauchy sequence in L4(G)", estimate (5.51) implies that (u;) 
and (Vp,;) are Cauchy sequences in W1'”?(G) and L?(G) and therefore 
possess limits u and Vp in the respective spaces. Then (u,p) is a solution 
to (5.33) with right-hand side f that satisfies (5.50) and (5.51). 

For the uniqueness statement, it suffices to consider a solution (u, p) 
to (5.33) for right-hand side f = 0 such that Pu = 0. Then Lemma 5.2.5 
implies u = P,u = 0, and from (5.33); we conclude Vp = 0. This shows the 
uniqueness statement. 


Remark 5.2.7. Note that Theorem 5.2.6 coincides with Theorem 3.2.1 in 
the case of the whole space Q = R”. Moreover, Theorem 5.2.6 can be used 
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as the starting point of a proof of Theorem 3.2.1, where Q c R” is an 
exterior domain, by means of a localization procedure. This approach was 
carried out in [50] to prove Theorem 3.2.1 in the case n = 3. 


As we have seen in Subsection 3.2.2, Theorem 5.2.6 can be combined 
with a well-posedness result for the steady-state Stokes or Oseen problem 
(5.4) in order to omit the condition Pf = 0. In this way, one can show 
existence of a time-periodic solution for general time-periodic right-hand 
sides f € L4(T x R”) together with an a priori estimate. 


5.2.4 The Three-Dimensional Case 


Again, in view of our later application to the time-periodic Navier-Stokes 
equations in three dimensions, let us single out the case n = 3 in the 
following. In order to derive pointwise decay estimates of the velocity 
field, we shall represent it via a convolution with integral kernel I, the 
time-periodic velocity fundamental solution. Due to the representation 
(5.37) of I, this convolution is the sum of a convolution with the steady- 
state part I’ and a convolution with the purely periodic part I’). While 
convolutions of the former type were subject of Theorem 5.1.7, here we 
investigate convolutions with I>. 


Theorem 5.2.8. Letn=3 and A€ (0,00) with A#3. Let ge L*(T xR?) 
such that g(t,x) < M(1+|a|)-4, and let €> 0. Then for any 6 > 0 there 
exists a constant Cs5 = Cs5(A,A,7,¢,0) > 0 such that 


(1 + |z|) if A> 8, 
Vial >e: T> t, x)| < Cz M 5.52 
|z| | lta gl x)| 33 on if A<3, l ) 
vlelze:  ||VTÀ] +a g(t, £)| < Css M(1 + |e) m4, (5.53) 


Proof. Let x € R3, |x| > € and set R = |x|/2. Using the estimate for g, we 
have 


Irà *G g(t, x)| < M(Ih +l + I;) 


where 


n= f f ITE- s,2- y) (+ I)’ dyds, 
T 


Br 

b= f fira-s2-W)lC + ly) dyds, 
Bır\Br T 

r= | [ire-s2- WC +) dads. 
BAR T 


127 


5 Time-Periodic Fundamental Solutions 


We estimate these terms separately. Since |y| < R implies |x - y| > |z|- ly] > 
|z|/2 = R>e/2, we can use (5.41) to estimate 


ieee J læ- yf (L + 1) idy < cile”? vee + |yl)-4 dy < celal? 


Br R3 
if A>3, and 
hsc f el’ HD dy < ciel? f Wdy < slei 
BR Br 


if A< 3. To estimate I>, we employ Hölder’s inequality with q € (1, 2) and 
q’= q/(q-1), which yields 


ns f i raas) (f A Pitt -s.0- y)l dyas) 


T Bar\Br T Bar\Br 


1/q 


_A, 13-3 
< cola “al |) lacr): 


If A > 3, we choose q e (1,3) so small that -A + 3 - 2 <-3. If A < 3, 


we choose q € (1,3) so small that -A +3- < -A+0. In virtue of 


Tò € L4(T x R?) (by (5.43)), this implies 


For I; we note that |y| > 4R implies |x - y| > |y| - |x| > |y| - |y|/2 = lyl/2 = 
2R>e. Therefore, (5.41) yields 


Styl 4 dy < crola|*. 


bso | |e-yl +l Ady seo f In 


BAR BAR 


Collecting the estimates of Jı, I2 and I3, we obtain (5.52). 
A proof of (5.53) can be given in a similar but simpler way. For the 
sake of completeness, we sketch it here. We have 


IVA] xc g(t, z)| < M(H + J2) 
where 


J= ff IENE- s,2- y) 0 + byl dsdy, 
T 


Br 


J= f [Ivre-s8- IC +1" dsdy. 
BR T 
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Employing (5.41), we estimate 


Ascn f e-u 0 + day s eilel f (+d: 
Br Br 


With the same argument as above, this yields 


Since VI e L!(T x R?) by (5.44), we further obtain 


Jo < culel Kilimas a 


Collecting the estimates of J, and Ja, we conclude (5.53). 


Note that in the case A = 3 it is possible to derive an estimate that 
contains logarithmic terms. Since we shall not need this case, we excluded 
it here for the sake of simplicity. 

Furthermore, in the case A < 3 the convolution |I"A| * g shows a slightly 
worse decay rate than the optimal one (1 + |x|)-4. Comparing the proofs 
of (5.52) and (5.53), one sees that this occurs since we do not have I) e 
L!(Tx R”). However, even if one could improve this estimate and omit ô, 
this would not affect the results for the Navier-Stokes equations derived 
in Chapter 6. 


5.3 The Vorticity Fundamental Solution 


In Chaper 6, one of our goals is to analyze the asymptotic behavior of the 
vorticity associated to the time-periodic flow around a body. As mentioned 
beforehand, such estimates can be derived if an integral representation for 
the vorticity is available. Therefore, our first task in this section shall be 
to derive such a representation in terms of a fundamental solution. Again, 
the corresponding integral kernel will consist of two parts: A first part 
that is the vorticity fundamental solution to the corresponding steady- 
state problem, and a second, purely periodic part. Afterwards, we derive 
decay estimates and integrability properties of this fundamental solution. 
Note that, in the whole section, we will only consider the case n = 3, 
though, similar results can also be derived in the case of dimension n = 2. 
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5.3.1 The Vorticity Fundamental Solution 


Let (u,p) be a solution to the time-periodic problem (5.33) for a given 
right-hand side f:Tx R? > R?. In the following we focus on the velocity 
field u, and we want to obtain an integral formula for the associated vortic- 
ity curl u similar to the representation u = I» f derived previously. Using 
this formula, for m = 1, 2,3 we formally obtain, using Einstein summation 
convention, 


(curl u)m = Emn; T * Fe) = Emni (OnT yy) * fe- 
In virtue of (5.24), (5.42) and (5.37), we can express I as 
T) = [djeA - O02) 
with YÀ = YÀ @ 1r + WR, where 


s(Ax)/2 
1 l-e7 
Wo(2) = TA 


dr, 


W(t.) = Fk (1- da(k)) LT + (2) ](0). 
We thus conclude 
(curl u)m = Emni (lój A = nja] VA) * fe = Emnbon AW * fe. 


Setting ġà = AW, we thus obtain the equation 


curlu(t, x) = J Vor(t-s,c—y) A f(s,y) d(s,y). (5.54) 
G 


This is the desired integral representation formula for the vorticity curl u, 
and we call ġà the vorticity fundamental solution. Note that this is a slight 
abuse of notation because (5.54) is not a standard convolution with the 
kernel ġà. Nevertheless, we continue to use this name in the following. 
Moreover, using the identity 


2 hlz i 2lAlAzı 2lAls(Ar 
Iv[s(Az)]| -PE aac] = gaf + RRE - PROD (5.55) 


one shows by a direct computation that 


P= @lr+¢} (5.56) 
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with 
= sgn(A) e782) /2_ 
(2) = ar (5.57) 
p(t, £) = Z7'[k> (1- dz(k))y PE) ](t). (5.58) 


By (5.19) we also have the identity 


x oes 1- ôz(k) | 
pi = Fa E ET (5.59) 


Though the integral in (5.54) is not a classical convolution due to the 
appearing vector product, estimates can be derived in the very same way. 
In particular, spatial decay estimates of curlu given by (5.54) are available 
if we have sufficient pointwise information on V&*. These will be derived 
in the following. 


5.3.2 Pointwise Estimates and Integrability 


After having introduced the vorticity fundamental solution ¢*, we now 
derive corresponding integrability properties and decay estimates similar 
to those from Subsection 5.2.2. We begin with recalling the following 
pointwise estimates of the steady-state vorticity fundamental solution &) 
defined in (5.57). The proof is a straightforward calculation. 


Theorem 5.3.1. Let A€ R\ {0}. There exists Cse = Csg(A) > 0 such 
that for all x € R? ~ {0} the steady-state vorticity fundamental solution oA 
satisfies 


|23(2)| < Coola" e70, (5.60) 
IVg (z)| < Celle]? + |? s(Ax)Y2) are (5.61) 


Proof. Estimate (5.60) is indeed trivial and follows directly from (5.57). 
For estimate (5.61) we take derivatives in (5.57) and obtain 


[Vela] < coll]? + lal VEs (Ar|) 280”. 


Now (5.61) follows from the identity (5.55) and the proof is complete. 


Next we show analogous estimates of the purely periodic part ¢} defined 
n (5.58). For this purpose, we first study the following Fourier multiplier. 
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Let x € C”(R), 0< x <1, with x(n) =0 for |n| < 4 and x(n) = 1 for |n| > 1. 
For a € Nọ with |a| < 1, y € (0,1) and x € R? \ {0} define the function 


22d 
Ma R>R, — Maln) = X(MMP D rE ” (€), (5.62) 


where [7 sa is defined in (5.30). Employing the pointwise estimates of T; ie 
established in Lemma 5.1.9, we show that Max is an L*(R) multiplier. 


Lemma 5.3.2. LetXeR and T > 0. Let a€ NG with jal < 1, Ye (0,1) 
and x e R3\ {0}. Then max is an LI(R) multiplier for any q € (1,00), and 
there exist constants C57 = Cs7(A,7, 9,0, y) > 0 and Css = Cog (A, T) > 0 
such that 


lopglma,«] lea) < CH e Css l 


Proof. We show the statement by an application of the Marcinkiewicz 
Multiplier Theorem (Theorem A.3.3). For this, we need to derive suitable 
estimates of Ma, and 70,Ma,x- 

At first, let a = 0. From (5.31) we conclude 


2a 2m 
mo) < cox) lel sE E < cija ees En e 


for |n| > 3. Moreover, differentiating Ij T "X with respect to 7, we obtain 
Bao) Eva kel LP”) < es lel ae)! 
so that (5.31) yields 
[nð mo. (n)| 
NOT Io END TO + Lad EE) 
alpe he ET TP el 


for |n| 2 5- Collecting these estimates and utilizing Mo, s(n) = 0 for |n| < 
we have: 


<i, 


Imo..(m)| + NOnmo,x(7)| < core ee! (5.63) 
with Css = \//T Ca5/2 for all 1 € R. 


Next consider the case |a| = 1, that is, a = e; for some j € {1,2,3}. Then 
(5.32) leads to 


= Lay -Cel 22 nl Ele 
Ima,.(n)| < x) In (al? + [n]? jæ) Cast l 


1 
-2-2y _-Ous|2En|2 
< ora Y e Cas| T n| [21/2 
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for |n| 2 Z. Moreover, a straightforward calculation yields 


33,17” @)| < co( ll? + bel) Le E) < co(n? + e)na), 


so that we can employ Lemma 5.1.9 to estimate 


1 2d ary 
nd, Oman) [xan OT" (2)| + | 
2T, 
Ko (2)| 
1 
soa A A A + Inf") er Cast Fal 


1 
2-27 e C45 2 |? |xx|/2 


< Gilel T 
for |n| > 3. Collecting these estimates and utilizing ma,2(7) = 0 for |n| < 3, 
we have 
IMma.(n)| + [NO Ma,e(7)| < cıala] * evel (5.64) 


with Css = Yn/TC45/2 as above. 
By the Marcinkiewicz Multiplier Theorem (Theorem A.3.3), the asser- 
tion is a direct consequence of (5.63) and (5.64). 


To establish pointwise estimates of ¢}, we express it by means of a 
Fourier multiplier that can be controlled with the previous lemma and the 
Transference Principle (Theorem 2.2.2). 


Theorem 5.3.3. For all y € (0,1), q € [1, 5) and x € R? x {0} the 
time-periodic vorticity fundamental solution satisfies the estimates 


IC, 2) Iren < Coola OP?” en Cosh, (5.65) 
|Vor, 2) [lhe y< Cele eu oe Csslal (5.66) 


for constants Cs9 = Cs9(A, 7,9, y) > 0 and Cg = Csg(A, T ) > 0. 


Proof. First of all, note that it suffices to consider the case q > 1 since T 
is a finite measure space. We fix x € R3, x #0. Due to formula (5.58), we 
have 


D°gi(,2) = Fr [Mae Fal] (5.67) 


with N 
Ma2(k) = (1- ôz(k) kP Der (a) 
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and p} = Falk > (1 - öz(k))|kl”]. First, note that Max = Ma,.|z for 
Max defined in (5.62). Since Ma, is continuous and an L“(R) multiplier 
by Lemma 5.3.2, the Tansference Principle (Theorem 2.2.2) implies that 
Max is an L4(T) multiplier for any q € (1,00) and 


lpr Malley $ cola] 17 e- Css 


Moreover, Proposition A.3.1 yields p, € L4(T) provided q < 1/(1- y). 
Finally, representation formula (5.67) leads to 


[DAC 2) Iren < floprl Moe] | cn, |erluen < cafe e72, 


which finishes the proof. 


Analogously to the proof of Theorem 5.2.3, we can establish the follow- 
ing integrability properties by using the representation formula (5.59). 


Theorem 5.3.4. Let Ac R. Then 
Vge E ;| : àe L(G), (5.68) 
Me E ;] : vee L(G). (5.69) 
Proof. Reformulating (5.59), we obtain 
#1 = agma Fel FEW} Ong? = zu FFEN] 


for h = 1,2,3, where Mo, K, Mn and J are defined in (5.45), (5.46), (5.47) 
and (5.48), respectively. As shown in the proof of Theorem 5.2.3, Mo and 
M, are L’(G) multipliers for all r e (1,00). Moreover, ¥g'[K] € L?(G) 
for q € (1,3) and ¥'[7] € LI(G) for q € (1,3). Therefore, the above 
representations yield (5.68) and (5.69) except for the case q = 1. However, 
these integrability properties yield &%, 0,¢) € L\,.(G), and the case q = 1 
follows from the pointwise estimates established in Theorem 5.3.3. 


Remark 5.3.5. Observe that in Theorem 5.3.3 and Theorem 5.3.4 the case 
A = 0 is not excluded. Therefore, these results also applicable in the 
analysis of time-periodic Stokes flow. 


Now we have completed the study of fundamental solutions for our 
purposes. In the next chapter we apply the presented results in order 
to analyze the spatially asymptotic behavior of the velocity and vorticity 
fields associated to a time-periodic Navier-Stokes flow. 
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6.3.2 Steady-State Flow Around a Rotating Body . 165 


In this chapter, we study the asymptotic behavior of a time-periodic 
Navier-Stokes flow past a body. More precisely, we derive spatial decay 
estimates of solutions (u,p) to the time-periodic Navier-Stokes equations 


ou- Au-rAOju+u-Vu+Vp=f in TxQ, 
divu=0 inTxQ, (6.1) 
lim u(t,x)=0 forte T 


|2|>00 


in a three-dimensional exterior domain Q c R with Reynolds number 
A #0 and a given right-hand side f. Note that it is not necessary to specify 
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the boundary values of u at OQ in this framework since we study spatial 
asymptotic properties of solutions that exist by assumption. Clearly, to 
ensure existence of a time-periodic solution, one would have to choose 
appropriate boundary values. In the following, our main interest lies in 
the spatial decay of the velocity u and the associated vorticity curl u. 

A classical approach is to derive such properties with the help of funda- 
mental solutions. For this purpose, we consider the problem in the whole 
space Q = RÌ, move the nonlinear terms to the right-hand side, and regard 
(u,p) as a solution to the linear time-periodic Oseen problem 


ðu- Au- ðu + Vp =f inTxQ, 
divu=0 mTxQ, 


lim u(t,x)=0 forteT, 


I2]> oo 


with f = f-u:-Vu. We then can express the solution by means of the 
time-periodic fundamental solutions introduced in Chapter 5 and obtain 
the identities 


u(t, x) = I> f(t,2), 


curl u(t, x) = J vet-s,0-y) 4 Fs y) dls). 
Tx R3 


The behavior of the velocity field of a time-periodic Navier-Stokes flow 
was already studied by GALDI and KYED [51], who established an asymp- 
totic expansion for u. With the help of this expansion and the previous 
formula for u, we establish pointwise estimates of u and Vu. By an itera- 
tive procedure, we improve the decay rates step by step until we arrive at 
an optimal rate that coincides with the decay of the corresponding funda- 
mental solution [A and VI”, respectively. As it turns out, this method 
cannot be applied directly to derive the optimal decay rate for curlu. 
Instead, we follow an idea used by DEURING and GALDI [17] to regard 
the above formula as a fixed-point equation for the velocity field u. A 
suitable reformulation allows us to show existence of a fixed point z in a 
function class such that curl z has the expected decay properties and that 
z(t, x)= u(t, x) for |x| sufficiently large. Consequently, the decay rates of 
curlu and curl z coincide, which then concludes the proof. 

One major discovery in Chapter 5 was that the properties of the steady- 
state part and the purely periodic part of the considered time-periodic 
fundamental solutions differ substantially. In view of this observation, 
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we derive pointwise estimates for the steady-state part and the purely 
periodic part of u separately. In the end, we see that this difference in 
the decay rates also appears for both the velocity field and the vorticity 
field of a time-periodic Navier-Stokes flow, and that the respective purely 
periodic parts decay faster than the steady-state parts. 

Observe that, from now on, when we give an estimate of the solution, 
then the constant in that estimate usually depends on the considered 
solution and thus on all other variables appearing in the system (6.1). For 
this reason, we now refrain from writing down the exact dependencies of 
the constants. 

In Section 6.1 we derive pointwise estimates of u and Vu. We express u 
by means of the time-periodic velocity fundamental solution and employ 
an iterative procedure to improve the decay estimates step by step. In 
Section 6.2 we investigate spatial decay of the vorticity curl u. We express 
curlu via the time-periodic vorticity fundamental solution, and we derive 
decay estimates via a fixed-point argument. In Section 6.3 we apply our 
findings to Navier-Stokes flows in exterior domains. 


6.1 The Velocity Field in the Whole Space 


In the following, we consider the time-periodic Navier-Stokes equations 
in the three-dimensional whole space 


a in T x R, 


6.2 
divu=0 in TxR?, (02) 


for a Reynolds number A > 0 and a fixed time period 7 > 0, which defines 
the torus group T = R/TZ. Throughout this chapter, we always consider 
weak solutions to (6.2) in the following sense. 


Definition 6.1.1. Let f € LI (T x R3)3. A function u € Li 


loc loc 


called weak solution to (6.2) if 
i. we L?(T; D4 (R3)), 


(T x R?)? is 


ii. Piu € L” (T; L?(R?))?, 
iii. the identity 


J [waver vu: vE-Adu-p+(uvu)-e]dlt,a) = f feat.) 


TxR3 TxR3 


holds for all test functions y € CH, (T x RP). 
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Remark 6.1.2. The existence of a weak solution with the above properties 
has been shown in [72, Theorem 6.3.1] for any f € L2(T;Dj'?(R3))?. 
Therefore, this class seems to be a natural outset for further investigation. 
Nevertheless, at first glance, instead of ii. one would expect the condition 
u € L®(T; L?(R%))? instead, which naturally appears for weak solutions 
to the Navier-Stokes initial-value problem. From a physical perspective, 
this would mean that the flow has finite kinetic energy. However, this 
property cannot be expected for general time-periodic data f. As was 
shown by KYED [72, Theorem 5.2.4], for smooth data f € Cf°(T x RÌ)’ 
one has u € LX(T; L?(R?))3 if and only if fruga f d(x, t) = 0. An analogous 
property was established by FINN [35] for the corresponding steady-state 
problem. 


6.1.1 An Asymptotic Expansion 


The asymptotic behavior of the solution to the time-periodic Navier— 
Stokes equations (6.2) was studied by GALDI and KYED in [51], who 
established an asymptotic expansion for the velocity field. Their main 
result reads as follows. For its statement, recall the steady-state Oseen 
fundamental solution Tẹ = T? given in (5.9). 


Theorem 6.1.3. Let \ #0 and f € C$(TxR°)’. If u is a weak solution 
to (6.2) in the sense of Definition 6.1.1 such that 


Jr e (5,0): Pwuel’(TxR°), (6.3) 


then 
u(t, £) = I(2)- (J ftt,x) a(t] + A(t, x) (6.4) 


for all (t,x) € T x R, where Z satisfies 


Ye>0 IC > 0 Yje|>1, teT: Z(t, £)| < Coola] 2”. (6.5) 


Proof. See [51]. 


Remark 6.1.4. As pointed out in [51], the assumption (6.3) merely appears 
for technical reasons. It ensures additional local regularity, but it does not 
improve spatial decay of the solution as |x| > oo. For simplicity, one could 
thus always assume (u, p) € C°(T x R?)°*! instead of (6.3) and obtain the 
same results. 
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The leading term of the asymptotic expansion (6.4) is given by the 
steady-state Oseen fundamental solution Jẹ. Further note that the above 
expansion is in accordance with the asymptotic expansion for the steady- 
state velocity field; see [42, Theorem X.8.2]. Note that the steady-state 
flow is a special case of time-periodic flow. Moreover, from Theorem 6.1.3 
we immediately conclude the following decay estimates for the velocity 
field u. 


Corollary 6.1.5. Let u be as in Theorem 6.1.3. Then for all e >Q there 
exists C6, > 0 such that for all |x| >1 andteT it holds 


[Pu(x)| < Ceile (1 + s(Ar))>>*, (6.6) 
[Pru(t,«)| < Osilal 2", (6.7) 
where s(x) = |x| + 21. 
Proof. From Theorem 6.1.3 we directly obtain 
—34¢ 
[Pu(a)| < colre (2)| + |PH(2)| < ca ([le|( + s(Ax))] +12"), 


where we used estimate (5.25) for m = 0. Now the elementary estimate 
1+ s(Ax) < (1+2]A])|x| yields (6.6). Moreover, due to P, Tẹ = 0, we have 
Piu =P, 2, which directly implies (6.7). 


Remark 6.1.6. From the proof of Theorem 6.1.3 in [51], one can extract 


12 
the much better decay estimate |P u(t, x)| < Cezlæ| > ~~ for the purely 
periodic part. However, the above result will be enough for our purposes, 
and we later derive an improved estimate anyway. 


As we shall see in Theorem 6.1.9 below, the decay results of Corollary 
6.1.5 are not optimal, which mainly has two reasons: Firstly, Theorem 
6.1.3 does not treat the purely periodic part P,u separately, so that its 
decay properties can merely be extracted from the remainder term & as 
we did in the previous proof. Secondly, the proof of Theorem 6.1.3 in [51] 
does not exploit the anisotropic decay estimate (5.25) and only makes use 
of the isotropic estimate |[(x)| < Ces|e|. If the argument in [51] had 
instead been based on estimate (5.25) in [51], then one could derive an 
improved (anisotropic) decay estimate of the remainder term &. 

Furthermore, from Theorem 6.1.9 we cannot extract information on the 
gradient Vu of the velocity field, for which we also establish a decay result 
below. Besides being interesting in its own right, spatial estimates of 
Vu are exploited in Section 6.2, where we derive decay properties of the 
vorticity field curlu. 
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6.1.2 Representation Formulas 


Our approach for the derivation of pointwise estimates of the velocity 
field u is based on a representation via the time-periodic fundamental 
solution I introduced in (5.37). More precisely, we utilize the identity 
u=I*»(f-—u-Vu). In order to show this representation formula in a 
rigorous way, we employ the following regularity result. 


Lemma 6.1.7. Let A #0 and fe C$(TxR?°)’, and let u be a weak 
solution to (6.2) in the sense of Definition 6.1.1, which satisfies (6.3). 
Then u € C*(TxR?)? and 


vge(1,2),re(1,0): Pue XI(R?)n D?” (R?)’, 
Yqe(1,%): Piue W?9(T x RÌ)’, 


where XI (R?) was introduced in (3.2). Moreover, there is a pressure 
function pe C” (T x R?) such that (6.2) is satisfied pointwise and 


yqe (1,3), se (1,90): pe LI(T;: L7 (9)) n L°(T; D (9)). 


Proof. This result was shown in [51, Lemma 5.1]. 


Now we can derive the desired representation formula. We decompose 
it into formulas for the steady-state and the purely periodic part of the 
velocity, which are given by convolution with TÀ = TO and I> defined in 
(5.9) and (5.39), respectively. 


Proposition 6.1.8. Let A+ 0 and f € C (T x R3)’, and let u be a weak 
solution to (6.2) in the sense of Definition 6.1.1, which satisfies (6.3). 
Then 


Deu= DIT + [f -u Vu] (6.8) 


for alla eN} with |a| <1. In particular, the steady-state part v= Pu and 
the purely periodic part w = Piu satisfy 


Dev = DST « [Pf - v- Vv- P(w: vw)], (6.9) 
Dow = DEI? + [P, f - v: Vw- w: Vv- P(w- vw)]. (6.10) 


Moreover, we have! 


u=I** f-VI**(u@u) (6.11) 


Here we set (VI + U); := ne ImTA + Ujm for an R?*3-valued function U. 
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and 


vel$*«Pf-VI}«[vev+P(wew)], (6.12) 
w=ITd*+P, f-VI>«[vaw+wev+P,(wew)]. (6.13) 


Proof. From Lemma 6.1.7 we obtain u € L"(T x R3) for all r € (2,00) 
and Vu € L*(T x R3) for all se (3,00), so that u- Vu € L4(T x R3) for all 
qe (1,00). Since T> = I @1p+I?, the function U := T>» (f-u-Vu) is well 
defined as a classical convolution integral by Theorem 5.1.8 and Theorem 
5.2.3. With the same argument and the dominated convergence theorem, 
we further obtain 0;U = ojl * (f -u- Vu) for j = 1,2,3. Moreover, we 
have 


PU = (Ij @ lr) *[f-u- Vu] =T *[P(f-u-Vu)| 
=I +» [Pf-v-Vu-P(w-Vw)], 
PU=T?*[f-u:-vul=T?*[Pı(f-u:vu)] 
Sr [Pıf-v:vw-w-Vv-P,(w- Vw)]. 
Therefore, (6.8), (6.9) and (6.10) follow if U = u. Since both U and u 
satisfy the time-periodic Oseen system (5.33) for suitable pressure func- 
tions p, the uniqueness statement from Lemma 5.2.5 implies Pu = PU 


and that Pu - PU is a polynomial in each component. With Young’s 
inequality we obtain 


IPU |e < Io ha |PCf - u: Vu)liay < © 


since IX e L12/5(R3) by Theorem 5.1.8. Therefore, Pu - PU e L$(RP), 
which implies Pu = PU. In total, we thus have u = U = T> + (f - u- Vu). 
The remaining formulas (6.11), (6.12) and (6.13) now follow from the 
identity u- Vu = div(u®u) due to divu = 0. 


6.1.3 Spatial Decay Estimates 


Now we employ the representation formulas (6.8) and (6.11) in order to 
derive a decay estimate of u and Vu. The proof is based on an iterative 
procedure: For u we already have a pointwise estimate by Corollary 6.1.5. 
This immediately yields a (faster) decay rate of ugu, which we can use to 
obtain a new estimate of u via (6.11). Repeating this argument, we can 
improve the estimate of u iteratively. These new estimates lead to an even 
better estimate of u& u. Employing (6.11) again, we then deduce another 
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estimate of u. Note that, since f € CX(TxR?), we directly conclude an 
estimate of the term IA x f from Theorem 5.1.7 and Theorem 5.2.8. Since 
this term appears in each step of the above iteration, we cannot improve 
the decay estimate of u beyond that of I + f, which coincides with the 
decay rate of I. 

The proof for the decay rate of Vu works slightly different. In this case, 
we do not have a decay rate initially, which is why we use integrability 
results from Lemma 6.1.7 in order to deduce a first spatial estimate of Vu 
from the representation (6.8). While this will not be optimal, we can then 
employ the above iteration scheme again until we arrive at the decay rate 
of V(I* x f), which coincides with that of VI. 

As the purely periodic part decays faster than the steady-state part of 
the fundamental solution (compare Theorem 5.1.7 with Theorem 5.2.8), 
one can also expect that the purely periodic part of the velocity field decays 
faster than its steady-state part. We therefore establish separate spatial 
decay estimates of both parts of u and Vu by exploiting the decomposed 
representation formulas from Proposition 6.1.8. 

Note that the constant appearing in the estimates for u depends on the 
solution u itself. 


Theorem 6.1.9. Let \ #0 and fe C (T xR)’, and let u be a weak time- 
periodic solution to (6.2) in the sense of Definition 6.1.1, which satisfies 
(6.3). Then there is Ce4 >0 such that for allte T and x € RÌ the function 
u satisfies 


|Pu(x)| < Coa[(1 + |æl)(1 + s(Az))] , (6.14) 
IVPu(x)| < Coa[(1 + |x|)(1+ s(Ax))] 2, (6.15) 
[P u(t, 2)| < Cea(1 + fel), (6.16) 
|VPLult, £)| < Coa(1 + |æ) *. (6.17) 


Proof. We split u = v + w into a steady-state part v = Pu and a purely 
periodic part w = Piu. By Lemma 6.1.7 we have u € C®(T x R?)?, and 
thus 


lo(z)| + |Vo(x)| + wet, x)| +|Vw(t, x)| < co (6.18) 
for all t e T and |z| < 1. Combining (6.18) with Corollary 6.1.5 (with 
e = 1/4), we conclude 

o(@)l < ex(1 + eh E + sAr)", (6.19) 
[w(t,£)| < c2(1 + |æ) (6.20) 
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for all te T and x € R3. This implies 


jv @v+ P[w 8 w]|(x) < c3((1 + lal) 2(1 + s(Av))- 1? + (1 + [x])-°?) 
< c4(1 + el) PA + s(Av)) 2, 


and the representation formula (6.12) in combination with Pf € CA (R3) 
and Theorem 5.1.7 yields 


lv(a)l < I + PEx) + |V + [ve v + Plw®w]]|(z) 
< os([(1 + a) + s(Az))] + (+ leh + saz) ”") 
< cef (1 + |2|)(1+ s(x)", 
which is the desired estimate (6.14). 
Now (6.14) together with (6.20) leads to 


lv Bw+w®v+P [weg w]|(t, x) < c7((1 + |æ)? (14 1) ) 


6.21 
< eg(1 + |z|). l ) 


Therefore, the representation formula (6.13) in combination with P, f € 
C% (T x R?) and Theorem 5.2.8 implies 


|w(t, x)| < ay * Pufes) +|v7} >» [v Bu+w®v+P [wg w]||(t,x) 
< co( (1+ |a|) =? + (1 + el) %) < cio(1 + el). 


Using this estimate and (6.14) again, we conclude 


vOw+wgv +P [w8 w]|(t,£)< cy ((1 + el)" + (1+ leh) 


< C2(1 + Ei ee) 
Repeating the above argument with (6.22) instead of (6.21), we end up 
with (6.16). 

Now let us turn to the estimates of Vu. Due to (6.18), the estimates 
(6.15) and (6.17) hold for all t e T and |z| < 2, and it suffices to consider 
|z| > 2 in the following. Let R = |x|/2 > 1. By Proposition 6.1.8, for 
j € {1, 2,3} we have 


d;v(x) = h(x) + a(x) + I(x), 
O;w(t,z) = A(t, x) + Jo(t, x) + J3(t, 2) + Jalt,x) 
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with 
L=; *Pf, I= OL * Pif, 
h =ô; » |- v: vo], Jz = 0; + |- v: vw], 
Iz = 8T » | -Plw- Vu], Jz = ô;Tè + |- w- vo], 


J4 = oni * [-P.[w-Vvw]]. 


We estimate these terms separately. Since f € CẸ (R3), an application of 
Theorem 5.1.7 leads to 


Ina) < e1s[(1 + al) + s(Az))] 2”. (6.23) 


We decompose Jy and estimate |Jo| < Io, + J22 with 
Inala) = f BTE -WEIT 
Br 


lala) = | BTE -DIV ay. 


Since |y| < R implies |x - y| > |a|/2 = R 2 1, the pointwise estimate (5.25) 
yields 


lafe) f [(+|e-u) (1+ s- y 


Br 
< cu(l+ le)? lula Vols < cis + fal) 3? 


because v € L3(R3) and Vv € L?/?(R?) by Lemma 6.1.7. Moreover, we 
have ĝl e LI’/12(R?) and Vu e L!/5(R3) due to estimates (5.28) and 
(5.29) and Lemma 6.1.7, which leads to 


I22(2) < cd; T | 22 Volz Ul pce) < c7 + le)" 


by (6.14). For Jz we proceed similarly. We estimate |Z| < I3ı + I32, where 
In(x) = f BTE -IP Vw)(y)lay, 
Br 


kala) = f ATM - y) Pw: vwy) dy. 
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Arguing as for I; and Is, we obtain 


In(x) < eis | [Ü+le-DA+s@- m)" f jw(t,wlivw(t,y)|dtdy 


Br 


< c19(1 + a1) wha Vwa < czo(1 + fel) 9? 
and 
I39(2) < cai |O;T | u [Vols cr as) Ken < C22(1 + ley: 
Collecting the above estimates, we thus conclude 
|Vu(x)| < c23(1 + |x|)! (6.24) 


for |x| > 2. By (6.18), this estimates also holds for || < 2 and thus for all 
x € R3. In order to improve the estimate, we next consider 0;w. From 
fe C (T x R?) and Theorem 5.2.8, we directly deduce 


[Jt £)| < coa(1 + |e). (6.25) 


We decompose Jz and estimate |.Jo| < Jo, + Joo with 


Jatte) = f f |arMt-s,x-y)loWlive(s,y)layds, 
T Br 


Jn(ta)= [ f IBTA- 5,2- y)llv()lVwls,y)ldyds. 
T BR 


By Hölder’s inequality in space and time, from (5.41) we obtain 
3 
2 
mea) s| f f arne-se-wasay) ola 
Br T 


1 
2 
conf f |e-al*ay) folate 
Br 


< cola] R? ula] Vwlla < coral? 


since v € L4(IR3) and Vw € L4(T x R?) by Lemma 6.1.7. Another applica- 
tion of Hölder’s inequality and the decay estimate (6.14) yield 


Jn(tx)< ff arde-s.2-y)ldyds sup |o(y)- Vw(s,y) 
T BR (s,y)eTxBE 


< cd; rh |v Lowey ||Vwlloo < cale 
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because VIA e LI(T x R?) by (5.44) and Vw e L*(Tx R?) by Lemma 
6.1.7 and Sobolev embeddings. In a similar fashion, we can use (6.16) to 
estimate Jz; and J4 and obtain 


5 


2 fw lal Vola + elave) < csel’, 


|J3(t, x)| < c30 (|x 
|Ja(t, £)| < cs2(læ 


9 
8 


5 
2 


28 -5 
wla Vola + lel BTh Vwl) < caalal?. 


Collecting the above estimates, we end up with 
|Vw(t, x)| < call ne |z|) (6.26) 


for |x| > 2. Again, (6.18) implies that this estimate also holds for |x| < 2, 
and thus for all (t,x) € T x R8. 

With (6.26) at hand, we can now improve (6.24) by a bootstrap argu- 
ment. By (6.14), (6.24), (6.16) and (6.26), we have 


lu(x)- Volx) + P[w Vw)(z)| 
< cas ( (1+ |a|) 2 (1 + s(Ax))™ + (1 + [x|)*) 
< c36(1 + æl)? (1 + s(Ax)) 2, 


so that Theorem 5.1.7 implies 
|Io(x) + Is(z)| < e37(1 + |e|) (1 + s(Ax)) 3. 
Together with (6.23) we thus obtain 
|Vu(x)| < css(1 + |e) 54A + s(Ax)) 3/4, 
so that from (6.14), (6.16) and (6.26) we deduce 


lu(x) - Vo(x) +Plw- Vw] (x)| 
< c39((1 + a) (1 + s(Ax)) 4 + (1+ |a|)~4) 
< cyo(1 + |x|) (1 + s(Ax)) T. 


Another application of Theorem 5.1.7 now leads to 


a(x) + Ig(x)| < cn[(1 + el) +sQa))]”, 


and by a combination with (6.23) we arrive at (6.15). 
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For the derivation of (6.17) we employ a similar bootstrap argument. 
Now from (6.14), (6.15), (6.16) and (6.26) we deduce 


N(t, x) := lu(x) -Vw(t,£)+w(t,x): Vu(x) + P,[ w(t, x) Vu(t, x) || 
< C4o((1+ ||)? + (1 + le)? + (1+ |z|)~*) < ca3(1 + |2|)-?, 

so that Theorem 5.2.8 implies 

J (t,x) = |Jo(t, £) + Js(t,x) + Jult,z)| < c44(1 + |x|). 
Combining this with (6.25), we conclude 

|Vw(t, x)| < cus(1+|e]) ?, (6.27) 
which we use together with (6.14), (6.15) and (6.16) to deduce 
N(t,2) < cag(1 + |£) < ca7(1 + |x|)”. 


This results in J(t, £) < cag(1 + |2|)~9/? by Theorem 5.2.8, and from (6.25) 
we conclude 

|Vw(t, x)| < cag(1 + |e). 
A combination of this estimate with (6.14), (6.15), (6.16) leads to N(t, x) < 
Cso(1 + |x|)-7/*. Hence, J(t,x) < c51(1 + |z|) 7/2 by Theorem 5.2.8, and 
together with (6.25) we have 


|\Vw(t, x)| < C52(1 + |z|). 


In combination with (6.14), (6.15) and (6.16), this implies the estimate 
N (t,£) < cs3(1+|x|)?/2, and thus J(t, £) < c54(1+|z|)~4. Exploiting (6.25) 
again, we finally conclude the remaining estimate (6.17). 


6.2 The Vorticity Field in the Whole Space 


After the deduction of spatial decay estimates of u and Vu in Theorem 
6.1.9, this section is dedicated to the deduction of analogous estimates 
of the vorticity curlu. In virtue of the proof of Theorem 6.1.9, it seems 
natural to exploit properties of the vorticity fundamental solution &* in- 
troduced in (5.56). 

By Theorem 6.1.9 we already have a decay estimate for the vorticiy 
curlu, namely 


z3 
2 


|P curlu(z)| < Ces|VPu(x)| < Coo[ (1 + |z|) (1 + s(Ax))] ?, 
|P, curlu(t, x)| < CerlVPLu(t, £)| < Ces(1 + el)". 


147 


6 Spatial Decay of Time-Periodic Solutions 


However, comparing these decay rates to those of the vorticity fundamen- 
tal solution ¢* = ¢} ® 1r + ¢ given in Theorem 5.3.1 and Theorem 5.3.3, 
they seem not to be optimal since one would also expect some kind of 
exponential decay (at least outside of the wake region). Note that steady 
state solutions (6.2) show this behavior; see [14, 6]. Indeed, this is the 
case as we shall see in the following. 

Starting from the above decay rates for curlu, one could think of pro- 
ceeding as in the proof of Theorem 6.1.9 and successively increasing the 
decay rate of curl u with the help of an appropriate representation formula 
by a bootstrap argument. Indeed, an according formula is available as we 
shall see in Section 6.2.1. However, starting from the above polynomial 
decay rate, this iteration would only result in polynomial decay rates and 
thus cannot capture the expected decay of exponential type, which is sug- 
gested by the decay estimates of 6%. Therefore, we employ a different 
approach: We express u as a fixed point of a certain mapping Fs and 
show that the fixed-point equation z = Fs(z) has a solution in a certain 
class of functions z such that curlz has the expected exponential decay 
rate. Afterwards, we show uniqueness of the solution to this fixed-point 
equation, but in the larger class of functions that merely share the decay 
rate of u established in Theorem 6.1.9. This implies u = z and results in 
the desired estimates for curl u. 

Since the representation formula we derive for curl u is of the form (5.54), 
the final decay rate will be governed by that of Vò. However, while the 
steady-state part of curl u has the same decay rate as the steady-state part 
Vo, the purely periodic part of curlu decays slower than V¢? and also 
exhibits a wake-like behavior. This phenomenon is due to the interaction 
of the nonlinear terms and is further explained in Remark 6.2.2 below. 


6.2.1 Representation Formulas 


In order to derive a decay estimate for the vorticity curl uw from the prop- 
erties of the vorticity fundamental solution ¢*, we need to connect these 
objects in an appropriate way as we already did in Subsection 6.1.2 for 
the velocity. A simple application of curl to both sides of (6.8) and a 
computation as at the beginning of Subsection 5.3.1 would lead to the 
formula 


curlu(t, x) = [ vor(t-s,0-y)a[f-u-Vu](s,y)d(s,y), 
G 
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where we recall the abbreviation G := Tx R?. However, this representation 
cannot yield decay of exponential type since Theorem 6.1.9 merely gives a 
polynomial decay rate of u-Vu. Therefore, we need different representation 
formulas, which we introduce in the next proposition. 


Proposition 6.2.1. Let \ +0 and fe C (T x R3)’, and let u be a weak 
solution to (6.2) in the sense of Definition 6.1.1, which satisfies (6.3). 
Then 


Dou = D&T «[f -—curluau] (6.28) 


for alla eN} with jal <1. In particular, the steady-state part v := Pu and 
the purely periodic part w := Pu satisfy 


Dov = D&T} « [Pf -curluav-P(curlwaw)], (6.29) 
Powe DITÒ + [P.f - curlv ^ w - curl w ^ v + P, (curlw ^ w)]. (6.30) 


Moreover, we have 
curlu(t, x) = T Vorlt-s,2-y)A [f - curlu ^ ul(s, y)d(s,y), (6.31) 
G 


and 


curlv(z) = J voile-y) [PF curl nv-P(curlwaw)](y) dy, (6.32) 
R3 


as well as 


curl w(t, x) = I Vort-s,2-y)A Bir - curlvaw 
a (6.33) 


- curlw Av—-P,(curlw A w)|(s, y) d(s, y). 


Proof. A straightforward calculation shows that 
1 2 
u-Vu= zV (lul )+curlua u. 


Since I + V (ul?) = div (I + u?) = 0 due to (5.35)2, the equations (6.28), 
(6.29) and (6.30) are direct consequences of (6.8). Repeating now the 
computations from the beginning of Subsection 5.3.1 with f replaced with 
f -—curlu” u, we conclude the remaining identities. 
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Remark 6.2.2. Let us have a closer look at the formulas (6.32) and (6.33) 
and the decay rates we can expect to derive for curlv and curlw. As we 
see below, curlv obeys the estimate 


lcurlo(z)| < Ogola] 2? Cros”) (6.34) 


for |x| sufficiently large. This means that the decay rate of the steady- 
state part curlv of the vorticity coincides with the associated integral 
kernel Vå, which is the best we can expect for general f e C8 (G). This 
is the same phenomenon we discovered for the steady-state and purely 
periodic parts of u and Vu. In contrast, we find 


|curl w(t, x)| < Ona? erCrae(®) 


for |x| sufficiently large. This decay is not as fast as that of V¢}, which 
decays exponentially in every direction; see (5.66). This discrepancy is 
due to the term curlv A w appearing in (6.33). Assuming the optimal 
decay rates of curlv above and of w from (6.17), we conclude the estimate 
Jcurly A w|(t, £) < Ola]? e- Crs) 
which cannot be improved. Therefore, this slower decay rate dominates 
the spatial decay estimates of curlw. Note that although curl w does not 
decay as fast as V¢%, its decay is faster than that of the steady-state part 
curl v. 


6.2.2 A Decomposition of the Velocity Field 


Here we derive the fixed-point equation our approach is based on. For 
this purpose, we express u by means of the representation (6.28), which 
we decompose into the sum of two terms. 

Let x € C3 (R; [0, 1]) with x(s) = 1 for |s| < 5/4 and x(s) = 0 for |s| > 7/4. 
For S > 0 define the function xs € CA (RP; [0,1]) by xs(x) = x(S Jal). 
Consider So > 0 such that supp f c T x Bg. For S e [25 , ©) we express 
the representation formula (6.28) as the sum of two terms, namely 


u=I**[-(1-yxs)curluau]+I*[f-xscurlua ul. 
Due to supp(1-xs) c B®, this yields 


ulrsBs = Fs(ulrses) + Hs, (6.35) 
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where 
Fs(z) = (PR * [ - (1-ys) curlza z |)lrxBs, 
Hs = (T> » [f - xs curlu a u| )lrxes. 


We set 
A(z) = -curl z A z. 


Then, with 29 = Pz and z, := P,z we have 


Ao(z) = PA(z) = -curl zo A 20 - P(eurlz, A z1), (6.36) 


A,(z) =P, A(z) = -curl zo A zı -curlz, Azo-P,(curz, azi), (6.37) 
and for ae N} with |a| < 1 we obtain 


DEPFs(z)(x) = (DET * [(1 - xs)Ao(z)]) (2), (6.38) 
DEP, Fs(2)(t,x) = (DET? » [(1- xs) A.(z)])(,2), (6.39) 


curl PFs(z)(x) = Mi Volz -y) A[(1-xs)Ao(z)](y) dy, (6.40) 
curl P, Fs(z)(t, x) 
= i, Vor(t-s,2-y)A[(1-xs)Ai(z)](s,y) d(s, 9), (6.41) 


and 
DEPHs(x) = (DZI + [Pf + xsAo(u)]) (2), (6.42) 
DEP Hslt,x) = (DET? + [P.f + xsAL(u)])(t, £), (6.43) 


curlPHs(x)= | Vle- y) [PF + xsAo(u)](y)ay, (6.49 


curlP,Hs(t, x) 
= y vorlt-5,2-y)A [P.f + xsA.(u)](s,y) d(s, y) (6.45) 


TxR3 


for all te T and x € R? with |z| > S. 


6.2.3 Function Spaces 


We introduce the functional framework. Let e e (0,4) and fix a radius 
S > 0. We define the following (semi-)norms, which take into account the 
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different decay rates of the steady-state and the purely periodic parts: 
3/2 
MC) = esssup] lel + steDIP=tO) + [le(1 + st ITP) 
xeB 
+ esssup [lel IP 2(0)|* ats] 
(t,z)eTxBS 
€ 3/2 Ko) 
N&(z) = esssup|z|" "es |curlPz(z)| 
xeBS 


9/2-E s(Kx) 


+ esssup |2| ets |curl P, z(t, x)|, 


(t,z)eTxBS 


where K := 3sgn(A) min{|A|, Css} with Css from Theorem 5.3.3. 

We defined Ms(z) in the above way in order to adequately capture the 
asymptotic behavior of u and Vu. Recall that we have Mg(ulp,ps) < © 
due to Theorem 6.1.9. 

In contrast, the motivation for the definition of N&(z) requires more 
explanation. First, let us focus on the exponential term. How the denom- 
inator 1+ S' comes into play will become clear in Lemma 6.2.4 below. To 
explain the choice of the constant K, note that for K > 0 we have A > 0 
and A > 4K, so that 


1 1 
s(Kx) = K (|x| +21) < zallel +2) = 758), 
and for K <0 we have \ <0 and -A > -4K, so that 
1 1 
s(Kx)=-K(|x|-xı) < -7A(lz| - x1) = qo). 


In total, we thus see 
1 
s(Kx) < qs). 


Additionally, we have 
1 
s(K7x) < 2|Ka| < 5 Cslal. 


In virtue of these two inequalities, we deduce 


eK) < es(à2)/2 e2s(Kr) < eOsslel (6.46) 


for all x e R3. Therefore, the choice of K enables us to relate the above 
exponential term with the exponential terms in the decay rates of both 
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the steady-state and the purely periodic part of the vorticity fundamental 
solution; see Theorem 5.3.1 and Theorem 5.3.3. 

Another aspect worth a comment is the second term in the definition 
of N&(z), which captures the decay of the purely periodic part of curlz 
and contains the factor |x]”?* instead of |z|°/?. In the end, this difference 
ensures that Fs becomes a contraction in the underlying function space 
for large S. However, after having shown N%(ulr«gs) < œ, we can finally 
omit £ by using representation formula (6.33) again. 

We further introduce the function spaces Mg and N$ associated to 
these (semi-)norms and set 

Mg = {z c WEI(T x BÎ) | Ms(z) < oo}, 


loc 
s={zeMs | N$ (z) < œ}. 
Next let us show that these are Banach spaces. 


Lemma 6.2.3. Let S > 0 and ee (0,1/4). Let Ms and NẸ be equipped 
with the norms |||ms and |-|vs defined by 


[zlas = Ms(2), lelas = Ms(2) + N5(2), 
respectively. Then Ms and N§ are Banach spaces. 


Proof. Clearly, ||| ms and |-|vs define norms on Ms and NG, respectively. 
Let (zj) be a Cauchy sequence in Mg or Ng. Then (z;) is also a Cauchy 
sequence in W!*(T x BS), and thus possesses a limit ze Wt (T x B5). 
For j e N define 


filt, £) = |al(1 + s(£))Pz; (2) + el Pızjd,e), 
g(t.) = [all + 9(x)) |] YPZ (2) + le YP, z(t, x) 


for (t,x) eTx BY. 

If (z;) is a Cauchy sequence in Ms, then (f;) and (g;) are Cauchy se- 
quences in L°(TxB°), which possess limits f and g, respectively. Because 
(Fi), (95), (z) and (Vz;) converge pointwise almost everywhere, we see 
that 


f(t,x) =|x|(1 + s(x))P2(2) + |x|°P, 2(t, £), 
g(t, x) = [la| + s(2))]} VP 2(a) + la YP z(t, 2) 


for almost all (t,x) e Tx BS. Now f, ge L*(TxB°) implies ze Ms. This 
shows completeness of Ms. 
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If (z;) is a Cauchy sequence in ME, it is a Cauchy sequence in Ms as 
well, and we conclude z € Ms as above. We further define 


h;(t,x)= x]? es curlPz;(x) + |z? e ES curl P z(t, x). 


Then, (hj) is a Cauchy sequence in L°(T x BS) and possesses a limit 
he L” (T x B). Because (hj) and (Vz;) converge pointwise almost ev- 
erywhere, we conclude 

s(Kz) 


h(t,x) = |e? ei curl Pz(x) + |e "es curl P, z(t, x), 


and he L®(T x BS) implies z € Ng. Therefore, MẸ is complete. 


In the following two sections we give estimates of Fs(z) and Hs with 
respect to the above (semi-)norms. In the end, these estimates imply that 
z+ Fs(z)+Hs is a contractive self-mapping when we choose S sufficiently 
large. 


6.2.4 Estimates of Hs 
Here, we collect estimates of 


Hs = (T> * [f = Xs curlu N u])|r«es = (r> * [f + xsA(u)])|rxBs- 


Before we derive the required estimates, we establish the following lemma. 
While its proof is elementary, it leads to the appearance of the term 1+ S 
in the definition of N¢(z) above. 


Lemma 6.2.4. Let ae R, b>0 and S>0. IfyeR with |y| < 2S, then 


s(ax) 


estate) < gla «AE (6.47) 
a < e% e- PS | (6.48) 


Proof. First note that for |y| < 25 we have 


s(ay) „ 2lallyl _ AlalS _ 
1+S° 1+5 ° 148 
Together with s(a(x - y)) 2 s(ax) - s(ay), this implies 


Aal. 


s(a(x-y)) s(az) s(ay) s(ax) 
seen) < p Mey y dal, 


<e ls els <e 145 ẹ 


Similarly, we have |y|/(1+ S) < 2S/(1 + S) < 2, which for b > 0 implies 


dla—-y| blz|  blyl bl] 
e ble=yl <e ns <e sens <e 148 e2. 


We have thus established (6.47) and (6.48). 
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In the following two lemmas, we show that the norm of Hg in both Ms 
and N: is bounded by a constant that is independent of $ > 259. Both 
proofs strongly rely on the convolution estimates from Theorem 5.1.7 and 
Theorem 5.2.8. 


Lemma 6.2.5. There exists a constant Cr; > 0 such that for all S e 
[250, 0) we have 

Ms(Hs) < Crs. 
Proof. Clearly, fe C (T x R?) implies |f (t, x)| < co for all (t,x) € T x R3. 
Combining this with the decay estimates of u and Vu from Theorem 6.1.9, 
we thus obtain 


[P P(x) +xs(x)Ao(u)(a)| < a [C + lha + s(2))], (6.49) 
|P f(t, £) + xs(£)A (u) (t, £)| < co(1 + |e) (6.50) 
for all (t,x) € T x RÌ, where Ap and A, are defined in (6.36) and (6.37). 


Exploiting the formulas (6.42) and (6.43) in combination with these esti- 
mates, Theorem 5.1.7 and Theorem 5.2.8 directly imply 


IPHs(x)| < cal (1 + le) + s(x) J, 
|O;PHs(x)| < all + el) + s(x) J”, 
IP, H(t, x)| < e5(1 + |z|), 

|0;PLHs(t,x)| < cg(1 + |x|) 


for all t e T and |z| > So. Collecting these, we arrive at the claimed 
estimate. 


Lemma 6.2.6. There exists a constant Cz, > 0 such that for all S € 
[2S9,00) we have 
NS(Hs) < Cre. 


Proof. At first, consider x € R? with |z| > 25. For |y| < 795/4 we have 


lz- y| > |z|- |y| > |z|- 75/4 2 |z|- 7|z|/8 = |z|/8 > S/4 > So/2. 
From (5.61) and Lemma 6.2.4, we then conclude 
vod(z-y)|< co(|x - yl? +2 - salz = y))"?) e78(A(a-y))/2 
<a (1+ læ -yP + s(A(e@-y))) es es 
< co (1 + |x - me + s(A(x - y))) ots. 
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In virtue of (6.49) and (6.44), we thus obtain 


ori PHs (a)l =| f VE- y) a [PF +xs-Ao(u)](y) ay 


Brs/a 


< C3 e iiss) i [(1 +|x- yl)(1 +s(2 - y)” ia +y) + sw)” dy 


R3 


for |z| > 25 > 459. Estimating the remaining integral with the help of 
Lemma A.2.2 and employing (6.46), we deduce 


euere 2] (6.51) 


-s0r)  _ 
lcurlPHs(x)| < cre 45) |z| 


for |x| > 25. If x e R? with S < |x| < 2S, then Lemma 6.2.5 yields 


[curl PHs(2)| < cel VPHs(2)| < er[(1 + el) + s(a) J? < csla”. 


Since |x| < 2S implies s(Kr)/(1+5) < 2|Ka|/(1+S) < 4|K|S/(1+S) < 4|K], 
we have 1 < e4lAl e=s(Kz)/(1+8), so that (6.51) also holds for 9 < |x| < 29. 
Now let us turn to curlP, Hs. From (5.66) and (6.48) we conclude 


i void oT y)| ds < Cola = yf? e Csale-y| 
T 


-5/2 _Cssie-yl _ Csslel 
< coole - y| Bee 2(1+5) , 


so that (6.50) and (6.45) lead to 


lel Pi Hst ascen ff VAE- s -|P + xsAi(w)|(s,y) dsdy 
Brsya T 


Cselel 
< C12 e 204) iR x = yf? e Coslz-vl/2.(] + lyh? dy. 


R3 


The remaining integral can now be estimated with Lemma A.2.3. Further 
using (6.46), we end up with 


Cale £ s(Kz 5. 
[curl P, Hs(t, x)| < C13 ex) |z| 2 < C14 se |z| 9/2+e 


for |z| > S > 25, and te T. A combination of this estimate with (6.51) 
finishes the proof. 
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6.2.5 Estimates of Fs(z) 
In the following two lemmas, we give estimates of 


Fs(z) = (r> * [ - (1- xs) curlz A 2] )IrxBs = (T> * K - xs)A(z)]) lees, 


analogously to those previously established for Hs. In contrast to Hs, the 
term F(z) depends on the (unknown) function z, which is why estimates 
of differences for distinct arguments are also required for the fixed-point 
argument. Note that, in order to eventually obtain a contractive mapping 
for large S, we always factor out the term S~©. 


Lemma 6.2.7. There exists a constant Czy > 0 such that for all S € 
[2S 9,00) and all 21,22€ Ms we have 


Ms(Fs(21)) < CrrS*Ms(a1)’, (6.52) 
Ms(Fs(z1) - Fs(z2)) < CS" (Ms(z1) + Ms(z2))Ms(21 - 22). (6.53) 


Proof. Let ze Ms and recall the definition of Ao(z) and A,(z) in (6.36) 
and (6.37). We immediately deduce 


(1 =-xs(2))Ao(2)(@)| < coMs (2) (1 - xs) [1 + le) + sce))] 
< a SEMs (2)? (1 + |e) E (1 + s(x)) 9, 
(1 - xs(2)) Al) 2)| < c2Ms (2)? (1 - xs(2)) (0 + |e)? 
< ceS Ms (2)? (1 + |æ) 
for |x| > S. Recalling (6.38) and (6.39), from these estimates, Theorem 
5.1.7 and Theorem 5.2.8 we conclude 


IPF s(2)(2)| < caS®Ms (2P [C + ENA + sa], 
|;PFs(2)(2)| < 55" Ms (2P [a + le) + s)’, 
|PLFs(2)(t, £)| < c68 *Ms(z)?(1 + |z|), 

|A;PiFs(z)(t, x)| < c75 Ms(2) (1 + |æ). 
Collecting these estimates, we arrive at (6.52). Estimate (6.53) follows in 
the same fashion. 


-5/2 


Lemma 6.2.8. There exists a constant Crs > 0 such that for all S e 
[2S0, 00) and all z1, z2 € N: we have 


N&(Fs(41)) < CS ° Ms(21)Ng (21), (6.54) 
NE (Fs(21) - Fs(22)) < C789 = (zils + lzzlwg)lr- z2llwg, (6-55) 
where lelas = Ms(z) + N&(z). 
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Proof. Let ze NȘ. Recalling the definition of |-||,vz, we then have 


|- xs(2))Ao(z)(2)| 
< coMs(z)N§(2)(1-xs(2))lal P(A + s(x) tes (6.56) 
< a S"Ms(z)N5 (2) P + sa) te FS, 

(1 - xs(2)) Ai (2)(t,2)| 
< coMs(z)NG(z)(1- xs(z))|af°? e ES (6.57) 


s(Kx) 


< c3 SEMs (2N (2) 2?" eis 


for |z| > S. From (5.61) we conclude 


-2 _sAla=y)) 
x-y ea 


[(1 +læ- ys (Al - y))] 


Therefore, exploiting the representation formula (6.40), we can employ 
(6.56) to estimate 


Jarl PFs(2)(0)|=| f Vel- y) a [0 - xs(y))Aolz)(u)] ay 


if x = y| < So, 
|V (x -y)| < c4 -3/2 _sO@-) . 
e 4 if |x - y| > So. 


< ¢59-*Ms(z)N§(z)(h + J), 


where 
I = if le- yf er [yf PP + s(y))y betes dy, 
BSnBg, (2) 
-3/2 _ s(A(e-v)) 
h = J [|x - yls(A(£ - y))] e 4 
BSnB%0 (x) 


> s(Ky) 
x uC + s e dy, 


To give estimates of these integrals, we first note that by the elementary 
estimate s(A(x - y)) 2 s(Ax) - s(Ay) and (6.46), we have 


s(Alz-y)) s(Ky) _zQ2) sOy) _ s(Ky) _ s(Kz) 
4 e ws <e 40+5) e40+5) @ 145 <€ IFS 


(6.58) 


for all x,y € R?. On the one hand, exploiting this estimate and that 
|z- y| < So < |x|/2 implies |y| > |z|- |x - y| = |x|- So > |x|/2, we conclude 


D sege ws |aj J |z - y|? dy < cre E? a]? 


Bsgo (2) 
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for |r| > S > 290. On the other hand, due to (6.58) and the fact that 
|y| > S > 25, implies |y| > cg(1 + |y|), we obtain 


_s(Kx) -3/2 = = 
Doge Ss [Ta +e-wWst@-»w] (1+ |yl) (1+s(y))dy 
R3 
< eoe ES fal 3? 


by Lemma A.2.2. From the estimates of J; and Ip we deduce 


leur PFg(z)(x)| < c1 SEMs (INE (2) ES |e. 


Now let us turn to the purely periodic part P,Fs(z). From (5.66) (with 
q=1and y = 1/4) we conclude 


J Ivolt-s,2-y)|ds< cıala - yes. 
T 


With formula (6.41) and estimate (6.57) we thus obtain 
[curl P, Fs(z)(t,2)| 
=| ff voXe-s,e-y) ala -xs@ Al) @W)] dyas 
TR 


s(Ky 


< c139°Ms(z)N$(z) Ei |x - „>? eOssle-yl igh 2 e- (Ky) di: 
BS 


By (6.46) we have 


Ossle=yl s(Ky) s(Ky) s(K(z-y)) s(Ky) s(Kx) 
35 e is <e s(K(z Y))e ue <e is e is <e 5 , 


This yields 
|curl P, Fs(z)(t, x)| 
C58 


Ss x man |z- | 
< C1489 °Ms(z)N5(z) ei J |a — y| 5/2 e7 3 Z (1 + jy)? dy. 
R3 


Employing Lemma A.2.3 to estimate the remaining integral, we end up 
with 


Ks(Kx) 


[eurl P, Fs(z)(t,2)| < crs SM (2)NG(2) ee fa 9. 


In total, we have thus shown (6.54). Estimate (6.55) is derived in the 
same way. 
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6.2.6 Spatial Decay Estimates 


After the preparatory results from the previous subsection, we now prove 
the existence of a function z € NE satisfying the fixed-point equation 


z= Fs(z) + Hs 


provided S > 259 is chosen sufficiently large. Afterwards, we show unique- 
ness of this fixed point in the function class Ms. Since u|p,gs is another 
solution to this fixed-point equation and belongs to Ms by Theorem 6.1.9, 
we then conclude that z coincides with ulm.gs. This yields the desired de- 
cay rate of the vorticity field up to a factor |x| ° for the purely periodic 
part. Returning to the representation formula (6.33), we can finally omit 
this factor. 
To begin with, for S € [259, 00) consider the closed subset 


Bs = {z ENS | lels < Crs + Oro + 1} 


of the Banach space Ng. Choose Sı € [2:59,00) so large that for all Se 
[S1, 00) we have 


(Orr + Cra) (C75 + Crp + 1)°S* <1, 
1 
(C77 + Cr) (C75 + C76 + 1) S= < 2: 
Then we obtain the following. 


Corollary 6.2.9. For any S € [S1, œ) there is a function zs € Bs with 
ZS = Fs(zs) + Hs. 


Proof. We define the mapping 
Fs: Bg > Bs, Fs(z) = Fs(z) + Hs. 


By the Lemma 6.2.5, Lemma 6.2.6, Lemma 6.2.7 and Lemma 6.2.8 and 
the choice of S1, this is a well-defined contractive self-mapping for any 
S > Sı. The contraction mapping principle thus implies the existence of 
a fixed point zs € Bs of F's, that is, of a function zg with the asserted 
properties. 


Next we show that this function zs coincides with uļrxgs for S suffi- 
ciently large in order to obtain the following intermediate result. 
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Lemma 6.2.10. There exists S> € [S,,00) such that for all S € [Sz, 00) 
we have 


3/2, ~ 252) 
? 


|curl Pu(x)| < (C75 + Cre + 1)|æ|7 
leurl P_u(t, x)| < (Crs + Cx + 1)le]” 9/2+e a „En 


for allteT and x € B®. 


Proof. For S > 25, we set Us = ulp.gs. By Theorem 6.1.9 we know 
Us € Ms with Ms(U) < Cea, and by (6.35) we have Us = Fs(Us) + Hs 
for any S > 2S . Now let S > Sı and let zs € Bg be the function from 
Corollary 6.2.9. Then Lemma 6.2.7 implies 


Ms(zs - Us) = Ms(Fs(zs) - Fs(Us)) 
< CS (Ms(zs) +Ms(Us))Ms(zs - Us) 
< C779 (Cr $ Urs +1+ Coa)Ms(zs = Us). 


Choosing S% € [S1, œ) such that for all S € [S2, 00) we have 


1 
C779 (Crs + Cry +14 Cos) << 


we conclude Ms(zs - Us) < Ms(zs - Us)/2 and hence Ms(zs - Us) = 0 
for all Se [$2,00). This implies zg = Us = uļrxgs. In particular, we have 
N&(ultxps) = NG(zs) < C75 + Cre + 1 for all S e [S2,00). This completes 
the proof. 


Another application of the convolution formula (6.33) enables us to 
omit the term e in the estimate of curl P,u. We can thus prove the main 
theorem of this chapter. 


Theorem 6.2.11. Let \ + 0 and fe C$ (TxR?)?, and let u be a weak time- 
periodic solution to (6.2) in the sense of Definition 6.1.1, which satisfies 
(6.3). Then there exist constants Cz and a = a(\,T) > 0 such that the 
estimates 


|curl Pu(x)| < C79(1 + |z|) er), (6.59) 
|curl P, u(t, )| < Cy9(1 + |x|)? em) (6.60) 


hold for allte T andxeR?°. 


161 


6 Spatial Decay of Time-Periodic Solutions 


Proof. We decompose u = v + w into steady-state part v = Pu and purely 
periodic part w = P,u. By Lemma 6.1.7 we have curlu € C~(T x R?). 
Therefore, curlu is bounded on Tx Bs, with S2 from Lemma 6.2.10. Since 
s(Kx)/(1+ S2) < 2|Ka|/(1 + S2) <2|K]| for |x| < S2, we conclude 


s(Kx) 
1+S9 


leurlvo(z)| < co(1 + |x|)? e 
_ s(Ka) 
|curl w(t, x)| < cı(1 + |æ) + e Ts 


for |x| < Sy. Combining these estimates with those from Lemma 6.2.10 
(with S = S2), we deduce 


lcurlo(&)| < ca(1 + ||)? ees”), 


6.61 
|curl w(t, x)| < c3(1 + |x|) 9/2 e-as(Az) ( ) 


for all (t,x) € Tx R3, where a = (A(1+55))"'K. In particular, this implies 
(6.59), and for (6.60) it remains to remove e in the second inequality. Due 
to fe C?(T xR?) and Theorem 6.1.9, the estimates in (6.61) further yield 


IP. f(s, y) - eurlv(y) A w(s,y) - curl w(s,y) A v(y) - Pıleurlw a w(s, y)| 
< o4(1 + [yl eer 


for all (t,x) € T x R3. Moreover, by Theorem 5.3.3 we have 


y IVE (t- s,x- y)|ds < cs|£ - yf? e Cssle—9l 
T 


Using these estimates in the representation formula (6.33), we conclude 
|curl w(t, x)| < ce i Jax — Ye Cosle-l (1 + Jy) “9/2 en 8O) Ay. 
R3 
Due to 2s( Kx) < Csg|x|, we have 
s(Ky) is s(Kx) 
1+ So ~ 1+ So 


5 Cala ~ yl + as(Ay) > s(K(a—y)) + FARAT), 


and we can obtain 
|curl w(t, £)| < core») i |x - Ye Cssle-wl/2( 1 + |y]) 2 dy. 
R3 
We estimate the remaining integral with Lemma A.2.3, which leads to 


lcurl w(t, x)| < ce Jaf 9”, 


Since we C*(T x RÌ), this shows (6.60) and completes the proof. 
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6.3 Spatial Decay in an Exterior Domain 


Here we consider some applications of the previous results to the case of a 
Navier-Stokes flow in an exterior domain in two different configurations. 
First, we consider a time-periodic flow past a body moving inside a fixed 
region. By means of a cut-off procedure, we show that the corresponding 
velocity and vorticity fields show the same decay properties as we estab- 
lished in Theorem 6.1.9 and Theorem 6.2.11 for a flow in the whole space. 
Secondly, we consider the flow past a rotating body, which can be seen 
as a special case of the previous problem, but we consider steady-state 
solutions in a frame attached to the body. By means of a suitable coor- 
dinate transform, we reduce this problem to the previous one and derive 
asymptotic properties. 


6.3.1 Time-Periodic Flow Past a Moving Body 


Here we consider the viscous flow past a body B that moves inside the 
three-dimensional whole space. Let Q(t) denote the region occupied by 
the fluid at time t € R. The flow past B is then governed by the equations 


p(w +u-Vv) =pAv-Vp in U{t} x 90t), 
teR 


divu =0 in Uft} x Q(t), (6.62) 


teR 
lim v(t, £) = U% for te R. 


|x|—> o0 


Here v and p denote velocity field and pressure field, and væ denotes a 
constant inflow velocity “at infinity”. Moreover, u and p denote constant 
viscosity and density of the fluid. In the following, we only consider the 
case Væ + 0 and, by a simple change of coordinates, we may assume that 
vo is directed along the negative xı axis, that is, Væ = —|Væ|€1. Moreover, 
we assume that the motion of the body B takes place in a bounded region, 
say, inside the ball Br, for a fixed radius Rı > 0, and that the fluid flow 
exterior of this region is time periodic, that is, 


v(t+T,x) =v(t,r), plt+T,x)=plt,z) for (t,x) eR x B®. 


For example, this situation occurs when the body B oscillates or rotates 
with fixed angular velocity. Observe that we did not specify any boundary 
conditions of v at the boundary OQ(t), and to ensure existence of a time- 
periodic solution (v,p) these would have to be suitably chosen. However, 
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these boundary values are not relevant for the result presented here, and 
we restrict our consideration to the functions on the set Rx B®: in the 
following. Moreover, since v and p are time periodic on this domain, we 
can transform the equations into a torus setting. 


We introduce non-dimensional coordinates. Let |v..| serve as a char- 
acteristic velocity, and let the diameter d of the body B serve as a char- 
acteristic length. We define the Reynolds number A := pd|vco|/ju, and the 
non-dimensional space and time variables x’ = x/d and t = ut/(pd?). The 
corresponding radius and time period are Ro = R,/d and T’ = wT /(pd?). 
Recall the quotient mapping 7:R > T for T = R/T’Z and the correspond- 
ing representation mapping II:T > [0, 7’). We introduce the dimension- 
less velocity u and pressure p by 


ult, x) = ACUORS -= Veo); p(t, r) = TOR 


for (t',x') e T x B®, Omitting the primes, from (6.62) we then obtain 


ðu- ðu +u: Vu=Au-Vp in Tx B®, 
divu=0 in T x B®, (6.63) 
lim u(t,x)=0 for teT. 


|x|>00 


Clearly, spatially asymptotic properties of u are equally valid for v. We 
thus restrict our investigation to (6.63), for which we obtain the following 
theorem. 


Theorem 6.3.1. Let A + 0 and let (u,p) be a solution to (6.63), and 
assume that there exists R > Ro such that (u,p) € C” (T x BR)’+! and 


u € L*(T;D'?(B“))?, Pue L°(B®)?, Pue L”(T;L7(B*))?. 


Then there exists a constant Cso > 0 and a > 0 such that 


[Pu(x)| < Cro[lal(1+ s(Ax))] >, [P,u(t,x)| < Ceola|, 
-3 z 
VPufa)l<Callelt+s@2)], IvPrult,2)| < Coolt, 
lcurl Pu(x)| < Cole]? eo, curl P, u(t, z)| < Ceolal em) 


for allteT and x € B®. 


164 


6.3 Spatial Decay in an Exterior Domain 


Proof. Clearly, the asserted estimates hold for te T and R < |z| < 3R 
since u is smooth. Let x € C% (IR?) be a cut-off function with x(x) = 1 for 
|z| < 2R and x(x) = 0 for |x| > 3R. We set 


wi=(1-x)u+B(u-Vx),  g=(1-x)P, 


where ® denotes the Bogovskii operator from Theorem 2.4.2. From the 
regularity assumptions on (u,p) we conclude (w,q) € C~(T x R?)’*! and 


w € L2(T;D'2(R%))3, Pw e L8(R3)3, Pw e L*(T;L?(R°))?. 


Moreover, (w,q) satisfies 


ðw - ðw +w: Vw=Aw-Vq+f in Tx R’, 
divw = 0 in T x R, 
lim w(t,x)=0 for te T 


|z|->o0 


for a function fe C (T x R3). In view of Remark 6.1.4, w satisfies the 
assumptions of Theorem 6.1.9 and Theorem 6.2.11 and is therefore subject 
to the pointwise estimates given there. Since u = w for |x| > 3R, this shows 
the asserted estimates for u and completes the proof. 


6.3.2 Steady-State Flow Around a Rotating Body 


As a consequence of Theorem 6.3.1 we can derive decay properties of the 
solutions to the equations 


w(eı Au-eı ^z: Vu) -Adhu+u-Vu=Au-Vp ind, 
divu=0 in Q, (6.64) 
Ken ule) =0, 

which describe the steady flow of a Navier-Stokes fluid around a body 
that translates with constant velocity Aeı, A > 0, and rotates about the 
translation axis with angular velocity w > 0. Here Q is the exterior domain 
occupied by the fluid flow. The functions u: Q > R? and p: Q > R describe 
corresponding steady-state velocity and pressure fields. We conclude the 


following theorem that establishes pointwise estimates of weak solutions 
to (6.64). 
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Theorem 6.3.2. Let (u,p) € (LE(N)?’n DI2(D)3) x L? (Q) be a distribu- 


tional solution to (6.64), that is, (u,p) satisfies divu = 0 and 


0= | [Vu: wu + (w(eı au-eı nz Vu) -Aðru +u: Vu): Y- pdivy] da 
Q 


for all e C (Q)3. Further assume e1 Au-eı Ax: VueL?(N)?. For every 
R>6(Q°) there exists a constant Cg; > 0 such that 


ju(x)| < Cui[lel(1 + s(Ax))], 
-3 
|Vu(a)| < Csi [a|(1 + s(Az))] 2, 
Icurlu(z)| < Cala] ees”) 
for all x € BR. 


Proof. Let R > Ro > 6(Q°) and let 


1 0 0 
Qu(t) = f cos(wt) inc) 


0 sin(wt)  cos(wt) 


be the matrix corresponding to the rotation with angular velocity w e1. 
Define the new variable y = Q,(t)x and set 


U(t, y) = Qu)ulQ.()'y), BE y) =P) y) 


for all t € R and |y| > Ro. Then U and § are time periodic with period 
T = 2r/w, and we can identify them with functions on T x B®, where 
T = R/TZ denotes the corresponding torus group. By the regularity result 
[42, Theorem XI.1.2], we have (u,p) e Cr (N)°*!, which implies (U, 8) e 
C®(Tx B¥c)3+!_ Due to the identity 


oU (t, y) = wQult)(cı Au(x) -eı Av: Vu(z)), (6.65) 
with y = Qu(t)'z, the pair (U, 8) satisfies 


&U-AAU+U:-VU=AU-VB in Tx B”, 
divU =0 in T x B®. 


Moreover, U and ‘8 are smooth and 


J | PUG deat = f f VUR a) drat lufa, 


T B T B 


J PUG, dzate f f Q E)E dxdt < fulg. 
BR T BR 
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This implies U e L2(T;D!2(B®))? and PU e L6(BR)3. By (6.65), the 
assumption e; Au — e1 AT - Vu € L?(N)? implies 0,U € L?(T; L?(Q))? and 
thus P,U € L®(T; L?(Q))?. By Theorem 6.3.1 we thus conclude 
-1 
|U(t,x)|< ale! + s(Az))] f 
_3 
[IVU (t, x)| < allellı - s(Az))] = 
|curl U(t, x)| < calej? eas”) 


for all (t,x) € T x B®. The asserted estimates for u follow by a change of 
coordinates back to the frame attached to the body. 


167 


Appendix 


A.1 Estimates of Specific Functions .......... 169 
A.1.1 Hankel Functions... .............. 169 
A.1.2 A Function with Anisotropic Decay ...... 172 

A.2 Convolutions ...................... 173 
A.2.1 Derivatives of Convolutions ........... 173 
A.2.2 Estimates of Convolutions............ 176 

A.3 Classical Fourier Analysis .............. 177 
A.3.1 Fourier Transforms of Elementary Functions . 177 
A.3.2 The Marcinkiewicz Multiplier Theorem .... 178 
A.3.3 Some Multipliers ..............0... 178 


A.1 Estimates of Specific Functions 


A.1.1 Hankel Functions 


For v € C the Hankel functions HY and HP of first and second kind 
are two particular linearly independent solutions to the Bessel differential 
equation 

2 $ s : 

IHN) + HO (a) + (a? —?)HY(2) =0. 
dz? dg 
They are given by AD) = J,+iY, and HP = J,-iY,, where J, and Y, 
are the Bessel functions of first and second kind, given by 
= (-1)™ XL \2m+v 
J (x)= —[- 
(= 2, ara en) 


m=0 
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and 
Yale) = im Pe os) = Ty) 
p>v sin(um) 
Note that the limit in the last identity can be omitted if v is not an integer. 
Moreover, the modified Bessel functions /, and K, are defined by 


I(x) u > 1 eae 


hm!T(m+v+1)‘2 


and : 7 
K,(2) Se nee) = “a 
nv?  sin(um) 


In the following, we focus in the study of the Hankel functions. First, we 
collect some of their well known properties. 


Lemma A.1.1. Hankel functions HY, j = 1,2, are analytic in Cx {0} 
with 
ae ee 
VveC yYzeCs {0}: 5, He (2) = HD (A-Ž H(z),  (A.66) 
z z 
and they satisfy the following estimates: 
VveCVe>0303>0Vlz|>e: HP (2) < Cee |z? eGD Imz (A.67) 
Yv e C, YR > 03Css > OY < R: |HP (2)| < Cosel’, (A.68) 
VO<R<13C4>0Vl|l<R: |HP (2)| < Ca llog(lz])]. (A.69) 
Proof. The recurrence relation (A.66) is a well-know property of various 
Bessel functions; see for example [1, 9.1.27]. We refer to [1, 9.2.3] for 
the asymptotic behavior (A.67) of H\)(z) as |z| > oo, and to [1, 9.1.9 


and 9.1.8] for the asymptotic behavior (A.68) and (A.69) of HY (2) as 
|z| > 0. 


Next we study the function x > H (alc) for ze R”, n>2 anda 
parameter a e C. We first derive a general formula for its derivative, 
which is based on the recurrence relation (A.66). 


Lemma A.1.2. Let v,aeC, neN andae Nj. Then 


| al rar 
D° [HSP (ola) ] = ya, Z Pel) (all) HEC) (A.70) 


|z| 


for all x € R” \ {0}, where pac: R" >R are polynomials in x, independent 
of a, such that deg pa < |al. 
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Proof. We show the statement inductively. For a = 0, there is nothing to 
do. So assume that representation (A.70) holds for some ae Nj. Then we 
compute 


OmD* LHe” (ale|)] 
ERSTER ee ne 
a alx I) — a al) HO (ala) 
a alt) (ae + ESE (oll) (gH) (ae er] 


ei BR 
S [> Onpa (Creda dan oo Hla) 
+ Pael@)(alel) HE, (ole) | aa 


where we used the recurrence relation (A.66). Therefore, the function 
ImD°[ HY? (alz|)] is of the claimed form, and the assertion follows by 
induction. 


A combination of Lemma A.1.2 with the asymptotic behavior from 
(A.67) leads to the following decay estimate. 


Lemma A.1.3. LetveC, ne N, ke No and d,e>0. Then there exists a 
constant Css = Cg5(n,k,v,6,€) >0 such that 


[VELES (alal) ]| < Ceslal 2 |a]? e09 rime (A.71) 


for all xe R” with |z| >€ and aeC with |a| > 6. 


Proof. For |a| > 6 and |z| > € we have |a\zr| > de >0. Therefore, by (A.67) 
we can estimate 


|HP (alz])| < colalal| ? e61) lel Ima | 
From equation (A.70) we now obtain 
A SE ; k 
ELR (alel)]] < Cesl" (lale)? eee Y (Jal lel), 
=0 


Due to Ja||x| > de, the final sum is bounded by a constant multiple of 
(lallal)". This shows (A.71). 
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A.1.2 A Function with Anisotropic Decay 
This section is dedicated to the study of the function 


Jap: R” 5 {10} >R, 9652) = |z|" et (A.72) 


for parameters a,b € R and n € N. To derive a formula for the derivatives 
of gab, we further define the function h = (hı,...,hn) by 


ax 


h:R” \ {0} > R”, ran 
x 
Then a simple calculation shows 
Jal T) = ala|* "x; e +æ bsi e = hy (x) gap(2). (A.73) 


For higher derivatives we obtain the following representation. 


Lemma A.1.4. Let a,b¢ R, ne N and ae Nj. Then 


D'aas(e) =D nn N (0) gap) (A.74) 


for all x € R” x {0}, where pR” > R are polynomials in x such that 
deg pa < |8|. Here, hY = h]*--hi”. 


Proof. We show the statement inductively. For a = 0, there is nothing to 
do. So assume that representation (A.74) holds for some ae Nj. Then 
with (A.73) we compute 


0;D°g.,(%) 
_ Ojpa(Z) ag -2|8|x;p6(Z) a-g 
= >| mL h (2)9a,(%) + pa (£)ga bl) 


+ a | DICH - B)h Pr (2) O;ha(@) Ga,o(2) + OTO] 


A;pe-e,(x)|x|" -2 P|- Dept l 
5 Brellet -28 -Depa arg 
ej<ß<ate; x] 


2 Pp-e; -ep (T) irens 
+ X X: (ar - Br + jk + 1)— Oihrla)h i Pe) Got) 
k=1 Bre; +ex |z| 

Bsate; + ek 


PELT) arijo 
2 par * OG) Gael) 
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Using now the identity 
ajz Oj, - 2ax ja, 
je” 


we see that 0,D°g„,(x) has the desired form, and the assertion follows by 
induction. 


O;hr(z) = 


Identity (A.74) gives rise to the following estimate. 


Lemma A.1.5. Leta,beR,neN, ke No ande>0. Then there exists a 
constant Css = Cse(n,k,a,b,e)>0O such that 


V*gas(z)| < Osshel e” (A.75) 


for all x e R” with |x| > e. 


Proof. Since |h(x)| < co for |x| > e, formula (A.74) implies 


k 
|V* Ga,0(2)| <cı by le] "Igas(z)l < €2|Ga,o(2)| < es|x|* e7: 
120 


for |x| >£. This shows the statement. 


A.2 Convolutions 


A.2.1 Derivatives of Convolutions 
Lemma A.2.1. Let f,g € Li (R")nC°(R" \ {0}), and assume that there 


loc 


exists R>O and a, B>0 with a+ 8 >n such that 
sup [el"|f()| + el’lsta)l < o. (A.76) 
xeBE 


Then the convolution integral 


fxg(x)= | fle-v)glv) ay 


Rr 


is well defined for x #0 and fxge Li .(R"). If additionally g € Wii Ren 
CHR" \ {0}) and there exists y >0 with a+Yy>n such that 


sup |2|’|Vg(2)| < o, (A.77) 
xeBR 


then fx ge C!(R" \ {0}) and 
olf * g)(x) = (f * ge) = | Fæ- Was) dy (j =1,... n). 


Rr 
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Proof. First note that by continuity of f and g in R”\{0}, property (A.76) 
holds for all R > 0. For x + 0 we set R = |2|/2. Then both f and g are 
continuous and thus bounded on the closure of Br(x), which yields 


i; |f(x-y)llgl(y)ldy< sup |f(z)| i lg(y)| dy < ©, 
Br(2) 


Br(0) = Br(0) 
J lf(x-y)llg@|dy< sup |g(y)| J |f(z)| dz < œ. 
Bale) ueBa(®) B20) 


Moreover, because y € B?(0) n B¥(x) implies |y| < |æ - y| + |x| < 3a - yl, 
from (A.76) we deduce 


I(e-wllgwlaysco f e-u dy 
BR(0)nBR(2x) BR(0)nBR(x) 
Sj ly oP dy < 00 
BR(0)nBR(x) 
since a+ß>n. Collecting these integrals, we conclude 
yi If(x -y)|lg(y)|dy < 09, 
Rr 


so that the convolution integral f * g(x) exists for all x #0. Now let Ro > 0 
be arbitrary. Then we have 


flteg@laes f [Ir -Wllotwlayde 


Br, R” 
z J T If(z- y)|lg(y)| dedy + i Bi fa y)lg(y)| dady. 
Boro Bro B?Ro Bro 

Since |z| < Ro and |y| < 2Ro implies |x - y| < 3Ro, the first integral can be 
estimated by 

ff ¢@-wllawlaeays f Ela f gold o. 

Bory Bro B3Rọo Boro 

Moreover, since |x| < Ro and |y| > 2Ro implies |x - y| > |y| - |z| > ly] - Ro = 
|y|/2 > Ro, we can employ (A.76) to estimate the second integral by 


J [f(x - y)||g(y)| dady < c2 J [ lx- yl ul” dedy 


B2Ro Bro B2Ro Bro 


ses f f yw ardy=csBrol [yl dy < 00, 


B?Ro Bro B2Ro 
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which follows from a+ 8 >n. In total, this shows f * ge Li,.(R"). 
Now assume ge WEI (R”) n C1(IR” ~ {0}) and (A.77). With exactly the 
same argument as above we see that the convolution integral f + d;g(x) 


exists for x + 0. Now let €, p> 0 and he Rx {0}, and consider 


E(f g(a + hey) ~ f+ 9(2))-f g(x) 


= i f(z | Faw he;) - g(y)) - dao) ay =h ++ 


for x + 0, where we set 


L = [ ste-o| f datur sheds- dato) dv, 
I; = [ ste=o| f datur sheds- auto) dv, 


I; = f fte-n| f alu shey)as- duu) fay 


Bp \Bs 


For ô < R = |2|/2 we obtain 


nissel f Baar Fanta) 


Bsa 


nl)! J lö;gly)|dy. 


Bosal 


If we choose ô sufficiently small and |A| < 6, we thus have || < e/3. 
Moreover, for p > 4R = 2|x| and |A| < p/2 we exploit (A.76) and (A.77) and 
utilize that |y| > p implies |x - y| > |y| - |x| > |y|/2 to estimate 


1 


alse f fe-l she; dsdy+ f le- yl “yl ay 
0 Be BP 


<es f Tan. 
Be-Ihl 


Therefore, we obtain |I2| < &/3 for p sufficiently large. Furthermore, due 
to f(x --) € L'(B, \ Bs) and ö;g € C(B, \ Bs) with p < 6 as above, the 
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dominated convergence theorem yields lim)... /3 = 0, that is, [J3| < e/3 
for |h| sufficiently small. In total, we obtain 


EC + g(et he) fala) =f g(x) <e 


for |h| sufficiently small, which implies 0;(f +g) = f*d;g in R” x {0}. By 
the same argument as above, we further obtain 0;(f *g) € Li (R”), which 
completes the proof. 


A.2.2 Estimates of Convolutions 


The following convolution estimate treats functions with decay estimates 
that include the anisotropic function s(x) = |x|+ xı. As establishing such 
kind of estimates is a cumbersome work, we do not give a proof here. 


Lemma A.2.2. Let Ace (2,0), Be[0,0) with A+min{1,B}>3. Then 
there exists Cs7 = Cg7(A, B) > 0 such that for all x € RÌ it holds 


Ta + - war se@- A + DAC + sm)" ay 
< Cg7(1 + |e). 


Proof. We refer to [71, Proof of Theorem 3.2]. 


We also need the following lemma treating convolutions of homogeneous 
functions. 


Lemma A.2.3. Let A € (0,3), Be (0,00), ae (0,00). Then there exists 
a constant Cgg = Cgg(A, B, a) > 0 such that for all x € R? x {0} it holds 


f e-i EEA + yh? dy < Cola. 


R3 
Proof. We split the integral into two parts 
n= | e-get + ly) dy, 
Bia|/2(2) 


B= | e- y etA + y? dy, 
Blz|/2(x) 
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which we estimate separately. On the one hand, since |x - y| < |x|/2 implies 
> lef- le “ul > Jal/2, we have 


D scot + lal)? [eures + a)? < olal”, 
R3 
where the integral is finite due to A < 3. On the other hand, for the second 


integral we directly obtain 


Dage hi perka dy < cg ece] 


R3 


for all x + 0. This completes the proof. 


A.3 Classical Fourier Analysis 


A.3.1 Fourier Transforms of Elementary Functions 


Here we provide properties of Fourier transforms of specific functions that 
are occasionally encountered in the course of this thesis. 


Proposition A.3.1. For ae (0,1) and se [1,00) define 
Pa = Fr |k> (1- ôz(k))k E]. (A.78) 


Then pa € L»*(T) if s<1/(1-a), and pa € L(T) if s< 1/(1- a). 


= 


Proof. We choose (-Z, 2] as a representation of T = R/TZ. Then we have 
Palt) = colt|~ + halt) for some function ha € C*(T); see [56, Example 
3.1.19] for example. This directly yields the claim. 


Proposition A.3.2. LetneN. For ße (0,n) and se [1,00) define 

be = Furl» (1+ ER]. (A.79) 
Then wg € L&°°(R") if s < n/(n- 8), and yg € L8(R") if s<n/(n-8). 
Proof. We have 


0 < pala) < coxo (lel + ax llel) oP? 


see [57, Proposition 6.1.5] for example. This directly yields the claim. 
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A.3.2 The Marcinkiewicz Multiplier Theorem 


There are several theorems, which nowadays belong to the standard reper- 
toire in Fourier analysis and give sufficient conditions for a function m to 
be an LP multiplier in the Euclidean setting G = R”. One of these is the 
Marcinkiewicz Multiplier Theorem, which can be applied to functions that 
are sufficiently regular away from the coordinate axes in R”, that is, on 
the set 


Ie {ee (di...) € R” | xj #0 for at least two je{l,...,n}}. 


Theorem A.3.3 (Marcinkiewicz Multiplier Thereom). LetneN, and let 
m € C”(R2) be a bounded function such that 


A= sup sup JE°D2m(é)] < oo. (A.80) 


ae{0,1}”" eR? 
Then m is an LP(R") multiplier for any pe (1,00), and 
[opra [m] carry) < CoA 


for some constant Cg9 = Csg(n, p) > 0. 


Proof. A proof can be found in [56, Corollary 5.2.5] for example. 
A simple consequence is the L? continuity of the Riesz transforms. 


Proposition A.3.4 (Riesz Transform). For je {1,...,n} let A, denote 
the Riesz transform given by 


1 
el 


Then R; can be extended to a continuous linear operator R; € L(LP(R")) 
for any pe (1,0). 


Ri FP(R”) > FR), K(f) = sal FaN); (A.81) 


Proof. This is a direct consequence of Theorem A.3.3. For a different 
proof see [56, Corollary 4.2.8] for example. 


A.3.3 Some Multipliers 


Here we study specific functions and there properties as Fourier multipli- 
ers. To begin with, let x € C (R; [0, 1]) be a cut-off function with 


1 
x(n)=1 for |n| < 5° x(7) = 0 for |n| 21. (A.82) 
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Let Ac R and T >0. For 9e [0,1] and h=1,...,n we define 
(1- x(m))Inl?(1 + EP) 
le? + i(n- As) 

(1- x(m))InI°(1 + EP)?” afr 
le? + i(n- AL) 


In order to show that these functions really define L7(R x R”) multipliers, 
we first give a lower bound of the denominator 


_ 21 
Nm) = IE + (Fon - AS). 
Lemma A.3.5. There is a constant Coo = Coo(T, A) > 0 such that 


|Na(n, €)] = Coo(1 + nl + lé) (A.85) 
for all (n,€) € Rx R” with |n| > 3. 


mo:RxR" > C,  mo(n,£) = 


(A.83) 


mys xR" >C, m(n, £) = 


(A.84) 


Proof. First note that we trivially have |M, (n, €| > |é|?. Moreover, for 
A = 0 we obtain |Nj(7,€)| > 4 \n| > (1 + In|), so that (A.85) follows 
immediately in this case. Now consider A + 0. For |A\|€| < #|n| we have 


27 27 T T 
MON 2 [Fn A|> S-A > zle gpa + 2), 


and for [A]é] > In] we obtain 


Wan €)12 KEP? 2 Tun? = esl] = eo n 
MIDS = IST = Vogl = gyr = gare ni). 


Combining these estimates with |N\(n,&)| > |El”, we also conclude (A.85) 
in the case À + 0. 


Next, we derive a representation formula for the derivatives of m, with 
respect to £. 


Lemma A.3.6. Let he {0,...,n} and a c Nọ. Then m, € C”(R x R”) 
and 


lal i 
Dem(n,€) = (1 ade Na n CO SER: 


where Pog: R” > C are complex-valued polynomials, and 


la] ifh=0, ifh=0, 
Eo 


(A.86) 


deg pay < 
€g Pal oa ifhefl,...,n 1-9 if he{1,... n}. 
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Proof. By Lemma A.3.5, the denominator N,(n,&) is bounded from below 
for |n| > 3, and m„(n,£) = 0 for |n| < 5. Since all involved functions are 
smooth, we thus conclude that m, is smooth on R xR”. We show formula 
(A.86) inductively. For a = 0 there is nothing to show. Hence assume 
that (A.86) holds for some a € Nj. Differentiating the terms of the sum 


in (A.86) separately, we obtain 


| Paelé) O Ojpae(E)(1 + EP) 

"LN (n, EEL + LEE] Mm Her + e?e 
Poel) (6 + 1)(26; - iAdı;) _ Pa,k(€)2(lal = 2-05 
Ny (n, 921 + JE Nm EOE + [EP leee 


Therefore, ôg, D?mn is also of the asserted structure. This completes the 
proof. 


These preparations enable us to show that m, is an L?(RxR”) multiplier 
by employing the Marcinkiewicz Multiplier Theorem (Theorem A.3.3). 


Lemma A.3.7. The function m, € C” (R 
for all gé (1,0) and he {0,...,n}. 


Proof. By Lemma A.3.6, m, is smooth. Moreover, by (A.85) and (A.86), 
we obtain 


x 


R”) is an L9(RxR”) multiplier 


la | 0 2 ¢ 

‘ USE] 
|Dem,(m | < „= 2 2\ jal ` 

= (1+ In + EOC + IE) 

If h = 0, we have 0+ 7 = 1, so that Young’s inequality and deg pa, < lal 


imply 


gaH Keys lev 
(1+ [nl + EP) + ley 
Ifhe {1,...,n}, we have O+¢+5 = 1, and Young’s inequality and deg pao < 


|a| + 1 lead to the very same estimate. Next we compute the derivative 
with respect to 7. Identity (A.86) yields 


6° Dem,(n,8)| < col 


9,Dem,(n,8) 
el Paal E) 


a _ 0 6-2 +y 0 e ENS S 
(C -x(n n + x m)l Pe TE 


oh Dale) + 1) 
U) a 
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Employing (A.85), we thus have 


TA InP (1 + EPS Ipa ele) 
1+ |n| + El? 5 (1+ [n+ EPC + Ee 


With the same argument as above, we see that the remaining terms are 
bounded. In particular, we conclude 


IE“ DEM (N, €)| < a(ı + 


sup{|n E a Dem, (n, E)| | œ € {0,1}”, Be {0,1}, (1, £) € R x R”} < oo. 


Now the Marcinkiewicz Multiplier Theorem (Theorem A.3.3) implies that 
mn is an L4(R x R”) multiplier for all q € (1,00). 


For de [0,1], x> 0 and à € R, we next consider the function 


x oe (1 -x(n lE” 
a :Rx R? > C, z 5 = A.87 
Marr Mik a(n, E) + lan ED) (A.87) 


for a cut-off function x € C% (R; [0, 1]) satisfying (A.82) as above. Observe 
that ™,,, can be seen as a homogeneous version of (A.83) with A = 0. 
Similarly to Lemma A.3.6, we obtain the following representation formula 
for derivatives of Mp,- Since we are interested in the dependencies on the 
parameters x and A, we only consider derivatives with respect to &2,--, En 
at first. We set 


Nw ACE, n) = le? + (KN ~ Ad). 


Lemma A.3.8. The function Mp is continuous on RxR” and smooth 
on the set {(n,€) €R x R” | |€| #0} with 


lal 
Dem. = -x(n E Pat) 


— a (A.88) 
N, (Em) me 


for all a e NG with a; = 0, where po: R” > C are complex-valued homoge- 
neous polynomials of degree deg pa = |a| that are independent of k and A, 
OT Pag =Q. 


Proof. The proof works analogous to that of Lemma A.3.6. First of all, the 
denominator in (A.87) is bounded from below for |n| > 3, and ñs a(n, £) = 0 
for |n| < 3. Since all involved functions are smooth for || + 0, we thus 
conclude that Ms, is smooth for |E| + 0, and Mg is continuous on Rx R”. 


We prove formula (A.88) inductively. For a = 0 there is nothing to show. 
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Hence assume that (A.88) holds for some a e Nj. Differentiating the terms 
of the sum in (A.88) separately, we obtain 


a Patl€) = O;Pa,e(EEP 
j Noe peep ee u Nexl(Enyouerer 
PaelE)(E+1)26; Palé) (2la| - 20 - 2 + 20)€; 


Ni alé, m)er2jgjiel-2e2+29 NE yet] eh? 2228 : 


Therefore, ôg, Dem, à is also of the asserted structure. This completes the 
proof. 


In order to show that M a is an L? multiplier, we proceed as in Lemma 
A.3.7 and employ the Marcinkiewicz Multiplier Theorem (Theorem A.3.3). 
To this end, we prepare the following estimates 


Lemma A.3.9. There exists a polynomial P:R > R such that 


El? + AG + [æn] 


< P(X Ik A.89 
Neem N nee 
for all |n| > 1/2. 
Proof. Clearly, we have 
le 
—— <l. 
INe ACE 7) | 


For the remaining estimates, we proceed as in Lemma A.3.5 and distin- 
guish two cases. If |A€| < x|n]/2, we have |kn - A&ıl > kn] - JAIE > kln|/2 > 
IA||lEI, so that 

Alt bend „3len=A6ıl _ 

IN) len- Ail 
If |AE| > x|n|/2, we obtain |Ag| > «/4 and thus 


JAS] + lanl. 3lAllel 12A? 
INa&ml |e? k 


In total, this shows (A.89). 


With estimate (A.89) at hand, we can now prove that ™,., is an L? 
multiplier and we obtain a bound on the multiplier norm that is uniform 
in A and w as long as A? < dw for some 6 > 0. 
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Lemma A.3.10. The function Mer € C(R x R”) is an LI(R x R?) mul- 
tiplier for all q € (1,0), and there exists a polynomial P:R > R such 
that 


lopp. rn [Mea] aRar) < P(A?/k). (A.90) 


Proof. By Lemma A.3.8, Mk a is continuous, and (A.88) yields 


a len pael 
Den. BEE ee 
| em a(n 3] 2 A. D ee 


for a e Nọ with a; = 0. From the homogeneity of pa and Young’s in- 
equality, we conclude 


a 2la 
len +e? 2 le?" 


< P(A? 
N.) L=0 INe ACE, mije < 1 ( Ik) 


E DEM A(N, £| < Co | 


by (A.89), where P, is a polynomial. To compute the derivative of Ms, 
with respect to &, we differentiate each term of the sum in (A.88) sepa- 
rately and obtain 


ə | Pae(£) Í de Pael OEP 
1 Nas, gje lel ae 2428 Nee er 
_ PalEL+ I(E iA) _ Pasel€)(2lal = 26-2 + 296 
Nr meer N, NER) ar are ee ee : 


Proceeding as above, we thus conclude the estimate 


&&°0 DEn AC, €)| 
(ren + IEPER + Dal) € ea P(X? 
< P(A 
KAHN nn 


for a polynomial P,. Next we compute the derivative of M,,, with respect 
to n. Identity (A.88) yields 


<C 


ae sy Sh lel er pale) 
8D n AlN, E) = ((1 -x(n ?n + x(n) 2 Nee? 
el [kn] (6+ Viele Dale) 


-(1- 
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Employing x’(n)|n|< 1, we thus deduce 


ee In] el [kn pave (EDN IE" 
0, De Mig ‚Es 1 f 
RE EN alsa ENEMI) enger 


With the same argument as above, we see that the remaining terms are 
also bounded by P3(X?/«) for a polynomial P3. In the very same way, we 
derive a similar bound for NEE Obg DEM a. In total, we thus conclude 
the existence of a polynomial P, such that 


IPE ODE M A(N, E| < PaA?/R) 


for all a e {0,1}", 6 € {0,1} and (ņn,£) € R x R” with |E| + 0. Now the 
Marcinkiewicz Multiplier Theorem (Theorem A.3.3), implies that Ms à is 
an L4(R x R”) multiplier for all q € (1,00) and satisfies (A.90). 
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